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The influence of re-entrant corners on the distribution of bending moments 
in a flat slab structure is the subject matter of this thesis.
Two groups of problems have been investigated. Typical of the first group 
being a slab supported on columns placed at the intersections of two 
regular grids and incorporating in the central panel a rectangular hole 
which varied in sise. The second group being that of slabs of rectangular 
configurations although not quite so regularly supported and each having a 
rectangular cut-out in one of the peripheral panels.
The method of Finite Element has been employed to obtain the theoretical 
results. A method has been presented-which enables one to modify the basic 
element stiffness matrix such that multi-valued stresses at a re-entrant 
corner can be faithfully represented.
A series of tests on models has been carried out on the Moire Apparatus to 
determine the bending moments* Although various loading conditions have 
been tested? it has not been possible due to the volume of work to reduce
the results but for the uniformly loaded cases.
Good agreement between the experimental and the theoretical results 
indicates that the analysis yields realistic results* The results are not 
directly comparable with the Code of Practice C«P*114 values? however? on 
the basis of the code’s recommendation for the values in a slab disturbed 
by the presence of a hole? a set of values has been calculated and compared 
v/ith the experimental and the theoretical values. Conclusions have been 
drawn regarding the overall behaviour of the slabs and the importance of
the position of the re-entrant■corner on the distribution of the bending
moments.
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Notations
The symbols used in this thesis are defined where they firs;t appear,
in the illustration or in the text. Scope of a symbol has generally
been restricted to a chapter*
61 General Introduction
In design of flat slabs supported on regularly spaced columns, empirical 
methods are frequently employed to compute the bending moments. Such 
methods which are well established provide a safe design and therefore 
the designer need not know the exact distribution of the bending moments* 
Hov/ever, a slab which'incorporates a hole or a cut-out is not amenable to 
such simplified methods* It is essential that the distribution of the 
bending moments in such problems be known- so that a safe and economical 
design may be proposed* .The problems investigated are those of ’Lift 
Slab1 type structures, wherein each slab has a rectangular hole or a 
cut-out in a panel accommodating perhaps a lift-stair complex or a 
service complex®
’Lift Slab* is the name of a type of constructional method which is used 
to build structures having the general form of a plate directly supported 
on columns* The name is derived from the fact that all slabs are cast 
around columns at ground level and lifted in position by means of hydrauli 
jacks set up on the top of the columns*
The problem of bending of plates supported by rows of equidistant columns 
has been discussed by several, authors, most of them are referred to in 
the ’Theory of Plates and Shells’ by Timoshenko (l). When the overall 
dimensions of the slab are large compared to jthose of the panels, the 
general problem of lateral uniformly loaded case is reduced to the 
determination of the bending of an internal panel* The boundary.condition 
associated with an internal panel then can be derived from the symmetry 
conditions, and the solution in the form of a series is conveniently 
obtained* Presence of an opening gives rise to stress singularities at 
the re-entrant corner, and'furthermore, the simplicity afforded by the 
symmetry in the solid plate is lost. Consequently, a general solution is
rendered impracticable. In recent years electronic digital computers 
have greatly facilitated the use of numerical methods. One of the 
numerical methods which has been widely used to solve differential 
equations is the method of finite difference. Recently the method of 
finite element is being increasingly used by the stress analysts. The 
advantage of a computer oriented method is that once a program is 
developed, various problems can be analysed at ease*
In viev; of the variability posed by the problem of holes in the plate, 
it has been thought pertinent to limit the investigation to a few cases 
of practical interest. The problems investigated can be classified into 
two groups - the first group being that of an internal panel having a 
rectangular hole situated centrally, and the second group being that of 
a peripheral panel having a rectangular cut-out.
The code of practice CP.114 in Clause 329 deals with opening in panels, 
but provides no directive as to the redistribution of moments. The code 
also specifies that any opening not complying with the sub-clauses 1, 2 - 
or 3 will have to be completely framed on all sides with beams to carry 
the loads to the columns. Unfortunately, no provision can be made to 
incorporate beams in ’Lift Slab* structures as this would mean providing 
the slab with a complete soffit formwork which, of course, defeats the 
purpose of the method. Inclusion of local stiffeners within the depth of 
the slab is possible where stress conditions warrant.such increment in 
the stiffness. However, investigation here is confined to unstiffened ' 
openings or cut-outs.
/T.2 Scope of Investigation
Two sets of cases have been chosen for the first group of problems.
The first set of ’Lift Slabs’ has square panels and the second set 
consists of rectangular panels having aspect ratio of 1:1.2. In each 
case the hole which is centrally situated has the same aspect ratio 
as that of the panel and its size’ commencing with values of 0 .1 of 
the span in the respective directions and increasing in steps of 0 .0^ 
to a maximum of 0.4.-The overall dimensions of this group of problems 
are given in Figures 1.2.1(a) and 1.2.1(b). In order to simulate 
the state of an' internal panel in an infinite slab, each model 
consists of nine panels (three panels in each of the orthogonal
directions ) and peripheral overhangs of certain dimensions.
• } • ./ - ■/
The second group of problems consists of several proposed structures 
for car parks. In each case the dimensions and the positions of the 
rectangular cut-outs are dictated by the requirements of a lift-stair 
complex. The dimensions of this group of problems are given in 
Figures 1.2.1(c) to 1.2.1(j).
The method of Finite Element has been employed to obtain the 
theoretical results. The standard stiffness method has been suitably 
modified by the author to allow for stress discontinuities at the 
re-rentrant corners. The necessity for such a modification arose 
because the stresses are multi-valued at a re-entrant corner. A direct 
application of the Finite Element method fails to recognise this 
and hence appreciable moment discontinuities are detected even in 
the remote regions. One of the ways to achieve multi-valued stresses 
is to allow for rotational discontinuities(in such a manner that the 
boundary conditions are satisfied). This aspect has been discussed 
in section 2.4 of Chapter II.
In view of the large number of simultaneous equations involved in the 
analyses (relative to the efficiently usable capacity of the available 
computer), an iterative method for the solution of the equations has been 
used. This part of the numerical analysis is of much practical interest 
and hence a study of the basic iterative methods has been done. It has 
been observed that the basic iterative methods are particular cases of a 
general matrix iterative scheme. In Appendix I the relationships amongst 
the methods have been discussed and illustrated by graphs.
The Moire method of experimental analysis has been used on the models made 
of ’Perspex* for the two groups of problems. The bending moment 
distribution have been deduced from the photographs of slope contours 
obtained from the experiments with the aid of least-square polynomial 
approximation. The results from both the theoretical and experimental 
analyses have been compared and conclusions drawn regarding the overall 
behaviour and the influence of the re-entrant corners on the distribution 
of bending moments.
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1.5 A Resume of Numerical Methods Applied to Plate Bending Problems 
Analytical solution of flat slab is a complex mathematical exercise. 
Woinowsky-Krieger (2) provided a solution for flat slabs having square i 
panels supported on square columns. Gupta (k) extended this work and 
arrived at a general solution for rectangular panels supported on 
rectangular columns. The method of solution emp3.oyed by the above- 
mentioned authors was the complex variable method (5) in conjunction 
with the conformal mapping. The presence of openings or cut-outs further 
complicates the problem making the mathematical formulation extremely 
difficult. The solution, if achieved, is restricted to a particular 
case and loading. This method seems unsuitable when a number of different 
cases 'are to be analysed. A method of analysis which can adequately 
cater, for arbitrary geometric form and different types of boundary 
conditions as well as general types of loading is suitable under such 
circumstances. Numerical methods, specially the computer-orientated ones 
possess these advantages.
Before numerical solution of a continuum is sought, it is required that 
the infinite degrees of freedom of movement be sufficiently closely . 
represented by a finite number of degrees of freedom. Such a process of 
limiting the number of degrees of freedom was first used in the method of 
1Finite Difference1. Kecent methods which use such discretization 
procedure are:-
(1) method of matric structural analysis
(2) dynamic relaxation method
(3) finite element method
1.3*1 Finite Difference Method
This method is used to obtain a difference equation to the differential 
equation governing a particular problem. The well-known differential 
equation for plate bending is given by:-
^
^  +;• J _ w  = q/n  1.3.1
V
where w is a function representing the deflected shape of the plate, q 
is the intensity of loading, and D is the plate rigidity. The equation 
1.3*1 is replaced by finite difference approximations in terms of finite 
number of displacements at some points of the continuum. In general, in 
order to satisfy boundary conditions, points outside the domain need to 
be considered. These fictitious points are automatically eliminated once 
boundary conditions are satisfied. A set of linear algebraic equations 
is thus obtained and solved for the. unknowns, i.e. the displacements.
This method in principle is applicable to plates of arbitrary shapes and 
under arbitrary loading, however, special attention is needed for curved 
boundaries, and varying mesh size tend to make the method cumbersome and 
laborious. When the structure is a combination of continuum and skeletal 
members this method can only be applied after some approximations* In 
recent years with the advent of high speed computers having a fair sized 
fast-memory core, .matrix methods of structural analysis have become popular, 
The finite element method for solving problems of continuum is essentially 
an extension of the method employed to skeletal structures, and is 
extremely powerful and versatile. This method is discussed in Section 
1*3*3*
1*3*2 Dynamic Relaxation Method
Day and Otter (3) developed this method for solving tidal flow problems 
and later used for structural analysis. The method is based on finding'
the critical3.y damped state of the dynamic equations for an.elastic 
structure* In the derivation of the relevant equations the following 
criteria are considered;-
(a) the motion of an element of the body due to internal stresses 
and imposed body forces, and
(b) the elastic relation between the stresses and displacements 
during the course of motion
The differential equation representing criterion (a) is;-
+ q = / < « T + K -gr
Mx + Mywhere M =  tL1 + v
q = intensity of applied load 
k = damping factor
_a a2 a2 
v  = +
yU= mass density/unit area
V= Poisson*s ratio
For criterion (b) the differential equation is:- .
-j2 M / _
K7w + /jj s 0
dM „ __2/3w\
or ^  = - D V ( ^ ) ----------------------------- -----r 1.3.2 b
where D = Plate rigidity
Equations 1*3*2a and 1*3*2b in finite difference form for a station say
i, j, are as follows:-
r r r r r
M. . + M. . . + M. „ . + M. „ . - 4-M. .
iiO+1 »3 ? 3 -^ i3
+ q
At = time increment 
and superscript fr f denotes the rth stage of iteration.
At the end of each cycle deflections w are computed using the
 ^ . r+1 r ■ A . .r+2 A ? rrelationship w = w + At. w . -— — — • 1o*p
Expressions 1.3*3 and'1.3*^  are satisfied simultaneously throughout the 
iteration until oscillations become ignorable, i.e. the velocities and 
the accelerations tend to zero thus satisfying equilibrium as for the 
steady-state* This method is essentially an iterative method applied on 
a set of finite difference equations derived from physical considerations. 
The paper ”D.R. Compared with Three Iterative Methods” by VvL Wood (6) 
outlines the physical approach which may be used to derive the well-knovai 
iterative methods including dynamic relaxation (DR). The paper also 
compares the convergence rates of DR with Jacobi, Gauss-Siedel and 
Successive Over-Relaxation method. Iterative methods are discussed in 
Chapter II, Sec* 2.6.
1.3*3 Method of Matric Structural Analysis ~
This method of analysis for general types of plates under complex normal
loading was first presented by Bertram Klein (7). The equations considered
in this method are the equilibrium and force-displacement equations. These 
equations are obtained for a plate of arbitrary shape with the aid of 
contour integrals. The three equilibrium conditions are:-
(a) moment about x-axis is zero
(b) moment about y-axis is zero
(c) summation of vertical forces is zero
Figure 1.3*1 shows a polygonal plate element sustaining the moments Mns 
and Ms and shear forces Q. Using the right hand rule for bending and
twisting the equilibrium conditions are:-
[ Mg dx - • ( Hng dy • + f Qy ds
CL CL CL
f  M dv + f  M dx -■ f  Q x ds) 8 v ) ns J
CL CL CL
J q dx dy - J q ds 
Area CL
j q  y dx dy = 0 
Area
J q x dx dy =  0 
Area
= 0
1.3
Fig* 1.3*1 Arbitrary Plate Element and Loading
Nov; considering strips of the plate along the edges as shown in Figure
% 3 *2, the following are the three force-displacement equations:-
(a) bending (Figure 1.3*2 (a) )
^ fl Mn - vMs *_ ■ . ,
" %  = j. ' D('1-V'2) bB
(b) twisting (Figure 1.3*2 (b) )
%  - “ i ■ f. t S t1
(c) difference in normal displacement
f** f s  Mn - VMs s ^w. - w. = 1 I r-7~— 2\—  - © .i 3 J. j D(l-v2) nr
c
This method is basically an extension of the matrix methods of structural 
analysis for skeletal structures. The object is to set up a system of 
simultaneous equations giving the load-displaceraent relationship of a 
continuum. The points of the continuum for which displacements are obtained, 
from the solution are chosen quite arbitrarily. The areas formed by 
arbitrarily joining these points may be viewed as finite elements* It 
follows that the concept of physical discretization is not essential in 
view of the arbitrary manner by which the elements may be formed. However, 
the procedure is generally conceived as a non-overlapping assemblage of 
discrete elements matched along and across their boundaries* The desired 
degree of inter-elemental continuity can be achieved by satisfying 
compatibility at several points on the boundary. These points are referred 
to as nodes. In general a nodal point may also exist within the boundaries 
of an element. The stiffness matrix of the element relates the nodal forces 
with the nodal displacements belonging to the element. The virtue of the 
method lies in evaluating the stiffness matrices of the elements* Once the 
stiffnesses of the elements are known, the stiffness matrix of the entire 
structure is obtained by satisfying equilibrium with the applied load and 
compatibility of deformations at the nodes. Boundary conditions are then 
imposed and nodal deformations are obtained by solving the system for the 
applied load. The solution thus obtained is of course approximate, since 
at the onset limited degrees of freedom have been allocated to the 
continuum. This implies that approximations have been granted (nodal points 
excepted) to either compatibility conditions or equilibrium conditions or 
both. However, if the approximations are due to violation of either compat­
ibility or equilibrium, it is possible to approach the correct solution in the 
limit. Therefore the accuracy of a particular solution based on certain 
degrees of freedom depends qualitatively on the manner by v?hich the element
stiffnesses have been arrived at, and quantitatively on the physical 
discretization of the continuum into finite elements. Stresses computed 
from the deformations are unique only when the deformations are exact; 
stresses calculated otherwise (i.e. from an approximate solution) 
represent a typical set and hence estimation of accuracy in terms of 
stresses is inconclusive. However, if an approximate solution is close 
to the exact solution, stresses are expected to be reasonably accurate 
irrespective of the method employed to obtain them.
The stiffness matrix of an element may be derived following one of the 
three procedures:-
(a) satisfying compatibility but not equilibrium of stresses 
(displacement model)
(b) satisfying equilibrium of stresses but violating compatibility 
(equilibrium model)
(c) violating both equilibrium and compatibility (hybrid model)
In the displacement model a parametric displacement field is assumed for 
the. element. Stiffness matrix is then obtained by minimizing the total- 
potential energy. For the equilibrium model several parametric stress 
fields .are assumed subject to satisfaction of the quilibrium equations 
of theory of elasticity. By specifying the nodal deformations and 
employing the principle of minimum complementary energy the stiffness 
matrix is identified.
A) Upper Bound and Lower Bound of Solution
If the exact solution is w , and the approximate solution is wexact approx.
then the quantity w -is the error due to approximation.
GXaC v sj)jprox»
When the error is positive, the approximate solution is said to be a 
lower bound to the exact solution; and conversely, an upper bound to 
the exact solution. Here 'w* stands for the 'Norm1 or the solution vector.
A displacement function is said to be continuous if the stresses are 
obtainable from the derivatives of the function. Therefore, a displacement 
function which satisfies the above criterion can be used to describe a 
compatible field within a finite element. The field obtained by the 
assembly of such elements is said to be compatible if it is ensured that 
the displacements along and the slopes across the boundary of each element 
are continuous# This can be achieved if the deflection, and the slope 
across the boundary at any point on the boundary are dependent only on 
the deformations of the bounding nodes.
A set of stress functions which satisfy the equilibrium equations of the 
theory of elasticity are said to produce an equilibrium field. Therefore 
an equilibrium field can be established within a finite element by means 
of such stress functions. The overall equilibrium field for the assembled 
structure is produced by specifying the displacements along the perimeter 
of the elements and relating the unknown parameters of the stress functions 
to the generalised forces by means of the principle of minimum complementary 
energy. ' —
Let it be considered that the load consists of a single force •F1 with 
corresponding displacement fw!, then the influence coefficient ’c* is 
defined by
w = c.F
and the potential energy can be written
P = -F.w = -c.F2 (exact solution)
In a compatible approximation, the potential energy P is 
P = -c.F2
and in an equilibrium approximation, the potential energy P is 
P = -c.F2 .
It can be proved that the influence coefficients are related by
Thus an approximate compatible approach produces a lower bound and an 
approximate equilibrium approach an upper bound to a direct influence 
coefficient, A detailed proof is given by Veubeke (8).
Numerical analyses necessarily include some simplifying assumptions.
The value of results from an approximate solution is established if the 
degree of accuracy is known. Previous experience with similar structure 
may provide some quantitative estimates of the degree of accuracy* If it 
is strictly necessary to know the deviation from the exact result, one 
can analyse the*structure by both compatible and equilibrium approxim­
ations, and thus obtain the range in which the exact solution lies. 
However, the so-called exact solution is only the exact solution of the 
mathematical model. The mathematical model is not a true representation 
of the actual structure but an idealised one. Therefore, in the case of 
a complex structure it is desirable to have some experimental results to 
provide yet another set of" results for the purpose of comparison*
In the next section the derivation of the element stiffness matrix by 
compatible and equilibrium approximations have been given. These _ 
derivations are to be found in text books, but the author feels that their 
inplusion provides a continuity in the text.
B) Evaluation of Element Stiffness Matrix (displacement model)
The deflection function w may be expressed as
w = ]jT ■ ^  ^  (x,y) = — — — - 1.3*8
i=1
where cj>. are functions defined over the element, <£. are generalised1 X
co-ordinates, andcj)ando£in matrix notation are vectors containing the 
variables and the constants respectively of the function fw’* The 
generalised displacements are now to be related to the nodal deformations 
of the element. Let vector fu* contain the 'n* nodal deformations, then
the following relation is ootamea oy inserting une co-oramates 01 
the nodes:-
u = C.cC
where C is a matrix of dimensions nx (n+1) 
Partitioning matrix C as follows:-
 1.3.9
u = (0a J Cb) (I') “
it is possible if C is non-singular to solve for in terms of
a
u  a n d  < V .
b / 
mius oC= ( ^ - )  =
'c ~1 ! -c ~1c,a r a b = (H) ( - 1 - ) ------— 1.3.10
V 0 I I
when 1 = 0, eCis simply found as cC= C . u
If C turns out to be singular for a particular set of nodal co-ordinates, 
a different approach is necessary (Zienkiewicz, 9)*
Curvatures and the twist at any point of the plate can now be written in 
terms of nodal deformations. Thus:-
bZ\
dx2 
v2■ X
v/
= Be£ = (B) (R) (Jg-)   1.3.11& W
h z
bZ\i 
dxdy
where B is a 3 x (n+l) matrix having elements which are functions of 
x and y.
From the theory of bending of plate, the well-known relations of moment 
and curvature are:-
or in matrix notation M = V/X , V/ is the appropriate coefficient matrix. 
Substituting for X.
M = (W)CB)(R) (J^) = (E) (-£-)
The strain energy U of the element isi-
iT
AREA
U =
= i ) (u K ) ■ (br)t (w)(b)(r)(-*-)
AREA
= i (uj^) (RT) I TB V/B
AREA
= (ujc^) where K = R,T
(H) (JL.)
j* BTWB 
AREA
R
The potential energy V is:- 
V = U -u.q
where u«q is the work done by the generalised nodal forces q« 
The conditions of minimum potential energy are:-
SSL
du4 = 0 (i = 1 , 2  n)
V_ = 0 (j = 1,2--- -1)
which yield
'Kaa I Kab 
h a  ! “bb
. ■u M”<^b
■ I",
‘1.3.14
1.3.15
where matrix K is partitioned,
1 The element stiffness matrix K is obtained as:-e
K K - K aa= [
when 1 = 0, K_ = K
ab ICbb It]
—   1„3.16
aa
C) Evaluation of Element Stiffness Matrix (equilibrium model) 
A set of stress functions nT may be expressed
m
= E  . oCj.* (x5y) =
n 2 = E ;  h  (x’y) =
n&
P
% =  E  ak . ek <*,y> = .«•*
<. fel
and so on.
1.3.17
The vectors oC , V , b etc, contain the generalised stresses and vectors
etc, contain the variable terms of the functions. Listing the 
stresses at a point ((Tx, <fy, fxy, Txz, T?zy t i.e. taking r = 3 ) in 
vector <T, the above functions jQ.^ may be written
°5 * 0 oC
4 s
°s .= Q b
• 0 •
or in matrix notation,
<r = (p)/i
Similarly the stress strain relationship may be written
e = (n )<t
-—  1.3.18
1.3.19
The strain energy 01 tne element, u , is given by
U = £ { <TN<r 
volume
T
/T T T
•J /3.P. n.p./5 = f  
vol'. ■,
/ TP KP
_ vol.
A  = i /  h /3
where H ■ r TP NP vol.
The generalised displacements along each edge of the element is written
in terms of specified nodal displacements and the spatial co-ordinates
appropriate to the edge. Letting vector u represent the generalised
displacements of the element, and u the displacements on the boundary,s
the relationship is
U  =  L e U  s 1.3*20
The boundary forces S (whose total number corresponds to those of 
generalised displacements) can be written using equation (1.3*18) 
S = B/2>
The work W, done by the boundary forces, is obtained by
. V7 = | us . S
perimeter
Substituting for S and u, W may be rewritten
W = .T T R L /! ,
= fi • Tu
where T = j
perimeter
T R L
The total complementary energy %  is:- 
TL= tr _ w = f /3th/J -   1.3.22
The conditions of minimum complementary energy are:-
- ~ k  _ o (i = 1 , 2  m)
-
8 He = 0 (j = 1,2 — — —  n) and so on .
which yield
H £ = Tu
or ft, = H"1T u ----- - 1.3.23
Substituting for ft in the strain energy expression, the stiffness matrix
K is identified and found to be K = 1«3«24e e
Application of the Finite Element Method '
2.1 Introduction
The fundamental requirement of the analysis is that the mathematical 
model represented by the assemblage of the finite elements be such that 
the behaviour of the real structure is closely represented, A practical 
problem often involves many details which influence localised areas of 
the structure. Therefore, for example, when performing a global analysis 
such details may be conveniently idealised. Similarly, when analysing a 
part of the structure boundary conditions may be assumed or obtained .from■ 
the global analysis provided such simplifications are realistic. To be 
able to make such approximations and idealizations, it is somewhat 
essential to have a prior knowledge of the approximate distribution of 
the stresses and deformations in the structure. In a complex case 
experimental analysis often provides vital information which firstly enable 
the designer to assess the credibility of his assumptions and secondly give 
him the opportunity to rethink and alter, if necessary, the geometry of the 
elemental subdivision.
Individual elements may have the shape of a triangle, a rectangle, a 
quadrilateral, or a polygon. The triangle is the simplest form by which 
a curved boundary can be approximated, on the other hand it often suffers 
from a slow convergence characteristic. Rectangular elements are easy to 
use and these have better convergence characteristics although not good at 
representing non-rectangular regions. Quadrilateral elements enjoy' the 
good points of both triangular and rectangular elements. A polygonal 
element although a.possible shape, has no special advantage over a 
quadrilateral element. The procedure is to choose a type or
several .types of elements which will best represent the structure and 
secondly to vary the size of the elements if required, to keep the. aiaount 
of computation down to a minimum but not at the expense of accuracy,
2.2 Choice of Elements ,
The next step is to decide whether to use a displacement or an equilibrium 
approach. The choice between a stiffness matrix derived from a displacement 
function and that which is derived from a set of stress functions depends on 
how closely the matrix reflects the load-displacement relationship at the 
nodes of the element. If the element matrix is a poor approximation, it 
is to be expected that a large number of such elements will be required to 
obtain a good approximation of a.continuum. A good approximation to an 
elemental stiffness matrix is rewarded by a reduction in computing time 
since'a fewer number of elements will suffice to achieve a comparable 
accuracy. The accuracy of a solution for a given number of degrees of 
freedom cannot be assessed unless both upper bound and lower bound 
solutions are generated. The convergence characteristic of a problem with, 
the number of allocated degrees of freedom is not easily foreseeable, but 
experience with similar problems may enable one to make a quantitative 
estimate of the accuracy of a particular solution. Unless it is of 
paramount importance to establish the bound, an upperbound solution is 
generally preferred. A variety of elementstiffness matrices for triangular, 
rectangular and quadrilateral elements are available both for plane stress 
and bending problems. Comparative studies of these elements have been made 
by several authors (10, 12 ans 23).
The theoretical analyses in connection with this research have been 
carried out using displacement function approach on rectangular finite 
elements, presented by Zienkiewicz (9)* Requirements of a displacement 
function is discussed next.
Choice of Displacement Functions
Melosh (10) gives the' following criteria which must be satisfied by the 
chosen displacement function
1) They must be continuous over the element but need not have continuous 
derivatives ‘
2) They must maintain continuity with displacements (deflections and 
rotations in plate bending) of adjacent elements. When nodal 
displacements are selected as generalized displacements, this 
requirementsis easily satisfied. The displacements along any side 
of the element are selected so that they depend only on the 
displacements of the nodes bounding that side
3) The displacement function must be a linear function of the generalised
displacements. This is necessary so that the load-displacement 
relationship is linear
If the above three requirements are satisfied, then convergence of the 
solution is assured when element size is reduced.
The displacement function used in the analyses here is the one presented
by Zienkiewicz and Cheung (11). This function consists of the full cubic
(ten terms) and, in addition, the x^y and xy^ terms. The vertical 
deflection and two rotations at the four corners of a rectangle has been 
chosen as generalised displacements. This function does not satisfy the 
criterion of Melosh in that the rotations across the boundary are dependent 
on nodal deformations other than those of the boundary nodes.
As regards to the bounds of the solution, the effect of such a 
displacement function cannot be predicted with certainty for a structure 
of arbitrary geometric shape. The number of elements, their relative 
sizes and boundary conditions influence the results* Veubeke &’Sander (12) 
in comparing various displacements and stress functions illustrated that 
such a displacement function exhibits convergence, although not monotonic 
for a small number of elements. However, for sufficiently large number 
of elements, the illustrations showed monotonic convergence. The 
discontinuities in the normal slopes make the mathematical model less 
stiff than what it would have been otherwise, and it has been observed 
that the solution using such a discontinuous model is generally an upper- 
bound contrary to what is obtained from a compatible model.
2.3 Singularities in Bending of Plates
The state of stress in a plate is said to have a singularity at a point 
if any of the stress components at that point becomes infinitely large. 
Since the. stresses are obtained from the expressions containing derivatives 
of the deflection functions up to the order of three, singularities will 
occur if these derivatives are not continuous up to the order of four.
The common form of singularity occurs at points of application of 
concentrated forces and couples as well as’at point-supports. Another 
type of singularity exists at a re-entrant corner of a plate where the 
boundary is freely supported. If the distance of the singular point under 
consideration is sufficiently large from the boundary or other concentrated 
loads, a state of axial symmetry prevails around this point* In the 
classical analysis, it is convenient to take the origin at this point and 
obtain a localised solution which then can be superimposed on to .the global 
solution. '
In numerical analysis, singularities cannot be treated in a direct 
manner. One of the ways of circumventing this is to idealize the 
problem, such as representing a point load by a load distributed over 
a small area* The problem of re-entrant corner may be idealized.by 
assuming a rounded corner of small radius, or alternatively, the 
problem may be resolved by finding, ways of implementing boundary 
conditions which allow for stress discontinuities. ^
If the real structure in actual fact contains a re-entrant corner, cracks . 
emanate from the corner and the bending moments there reach plastic limits. 
Therefore, it seems realistic to allow the stresses to become discontinuous 
rather than idealizing the geometry by a rounded corner. The following 
section describes a method by which re-entrant corners have been treated 
in the finite element analyses.
2,k Treatment of the Re-entrant Corner
At a re-entrant corner discontinuities exist in the values of the stress- 
resultants. Morley (13 ) states that a direct application of the finite 
element method to such a problem exhibits appreciable discontinuities in 
the distribution of bending moments even away from the singular point (in 
this case the re-entrant corner). Allen and Severn ( 14 ) presented a 
method of dealing with such problems. The authors (14 ) imposed the 
special boundary conditions at the re-entrant corner to a finite difference 
scheme. The method described in sequel has enabled the author to impose 
similar boundary conditions to a stiffness matrix obtained by assumed 
displacement functions.
o/
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Fig. 2.4.1
The figure 2.4>1 shows a right-angled re-entrant corner, the edges AB and
BC‘ being free* The boundary conditions are:-
a) along the edge AB, bending moments My are zero*
b) along the edge BC, bending moments Mx are zero* Mx and My will in
general have values other than zero inside the region of the plate* 
This implies that the bending moments are multi-valued at B. In 
order that discontinuities in the stress-resultant can be provided 
for, it is sufficient to assume that
c) w is single valued at B
d) slope is continuous on AB
e) slope is continuous on BC
f) slopes «j”~ on AB at B, and g~ on BG at B are dependent. variables
i.e. their values are subject to the satisfaction of the conditions
(a) and (b).
Although theoretically infinite moments exist at B, the solution 
satisfying conditions (a) to (f) will provide finite values of bending 
moments at B within the plate. The assumed boundary conditions postulate 
cracks along element interfaces but do not limit the bending moments to 
any presupposed values.
The method of imposing the conditions (a) to (f) is similar to that of
kinematic constraints which frequently occur -in skeletal structures, e.g.
vertical or diagonal members of a truss pin-connected to a continuous boom
or a rafter. In Appendix III the implementation of various types of constr; 
have been discussed.
A rectangular mesh is used to demonstrate the derivation of the kinematic 
constraints (a) to (f). Figure 2.4.2 displays the adjoining elements A,
B, C at the re-entrant corner. The nodes of each element are numbered 1, 
2 , 3 and 4 locally and the global designation of the nodes associated with 
the assembly are i, j, k, 1, m, n, p and q.
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Fig. 2.4.2.
Let it be assumed that the stiffness matrices of the elements have been
obtained using the displacement function
2 2 2 p x
. . w =  an + a2x + a^y + a^xy +' a^x + a^y + a^x y + agxy + a^xr +
a10y^ + a^xTy + a^xy^ ■*«-— - 2.4.1
Then the displacements along the edge 1-3 of the element A is given by
2 3w = a„ + a„x + a_x + a^x — -----  2*4.2
1 2  5 9
The constants in eq. 2.4.2 are obtained inserting the co-ordinates of the
nodes 1 and 3e Thus
a>f-
5 a2 f  ^ (wa “ w1  ^" a (20y1 + .Gy3^}
and | 2 (v/^  - \/p + a (©y^ + ©y^) j
Differentiating eq. 2.41 tv/ice the curvature
>2
~~r = 2ac + 6anx -— 2.4.3
a *2 5 9
Substituting the values of a_ and aQ in eq. 2.4.3* the curvature 
>2
at node 1 is
dx .
A > *  = 2a 22 |V - wA) - a(20yA + 0yA) j
dx2 1 ^ a"
Following the above procedure the curvatures
The boundary conditions (a) and (b) are 
Mx^ = 0 ; My^ = 0
Substituting appropriate values of'curvatures in the moment-curvatur 
relationship, the values of slopes ©y^ , and ©x£ are
, A 1
©y1 = — 2 
2ab
•z f 2 A .2 A , 2  2^, A 13 j va W£ +--b - (va + b ) r
A A n+ ab(2av©x/j + avQx^ - bOy^)
and
XA = 22c d
/■ 0 ^2 - C 2 0tvd + c ; - vd - c[’ {<
- cd (vd 0y^ + 2vd ©y^ J - <5’©x^)J
}
2*5 Assembly of the Stiffness Matrix for the Structure *
The figure shov/s a rectangular element whose corners i, k and 1
are assumed as nodes. Each node has three degrees of freedom, namely 
©x, © ' and w. The load displacement relationship for the element is
K u = q
where vectors u and q contain listing of nodal deformations and loads 
respectively*
Explicitly u and q are
u =
Ui
uj
%
ux =
7X1 
} .
yi
wi
3.1
<Jk
Q-1
I and q^ =
^xi 
Tyi
Pi
Positive directions chosen for and q^ are shown in figure (2.5 .1)*
7 w
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Fig. 25.2. Assembly Of Elements And Exploded View
An assembly of four elements A, B, C and D is shovm in figure (2*5*2) 
the external nodal numbering is given from 1 to 9 for convenience. Let 
vector denote the externally applied load at node 5 ». then
Txc
Vj
in which Tx = Tx? + Tx? + Txj^  + Tx 1^
the superscript denoting the element acted upon by the force. Thus 
equilibrium with the applied load is satisfied at the node. Let vector
denote
u„ =
/U1
?3
u.
D C B A
where u. is identified with u. t u., u and tu • Now-q,- may beI 1 3 K J. y
written
Txc
P5
Tx? + Tx? + Tx? + Tx^
1  3 I t  TL
Tyi * Tyj + Tyk * Tyl
P3? + P? +. P® + pf1
i 3 k 1
= (S,_) uf
2.5*1
where is a submatrix (corresponding to applied loads q^) of the 
stiffness matrix S of the assembly* Thus
Su = q  2*5*2
where u and q are the deformations and loads of the assembly.
2.6 Solution of Systems of Linear Algebraic Eauations with resoect to
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Automatic Computation 
The solution of a system of linear algebraic equations is one of the tasks 
frequently encountered in computing. The problem is to solve a linear 
system Ax = b, where A is a given non-singular matrix of order fn’s b is 
a given column vector having *n* elements and x is the column vector
2necessarily•having ’n’ unknown components. The matrix 1A1, consists'-of n
elements a. . the subscripts i and j are row and column number locating 
3-t 3*
the element in the matrix. Matrix ’A* is ’sparse1 when only a few of the 
elements'are non-zero, and conversely ’dense*. The interest here is 
confined to ’sparse’ matrices.
In numerical analysis ’sparse’ matrices are obtained almost as a matter 
of course, and furthermore the non-zero elements occur in some natural 
pattern which relative to a digital computer permits even very large order 
matrices to be efficiently stored. Suppose the solution of differential
d2M d2M
equation *— *p + — — = q is required for the region shown in Figure
dx 3y
2.6*1.
>»
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Fig. 2.6/1
In five points finite difference pattern, the differential equation for 
a point i,j on the region may be expressed as:
— 2X 
(AU2 »,J
This pattern when placed over each point 1 to 20 of the region of figure
2.6.1 produces a system of equations in which the coefficient matrix has 
a regular pattern of non-zero entries as shown in figure 2.6.2. Out of 
400 elements only 82 elements are non-zero, furthermore, the pattern 
consists of three..
X
x
gr
%X
K
E
x>
Fig. 2.6.2
-1 . .diagonal bands. The solution x = A h may be obtained using either
(a) direct method, or
(b) iterative methods
2.6.1 Direct Methods
The methods which use a process of elimination to obtain the solution 
come under this heading. The underlying process of all these methods 
is to eliminate systematically the unknowns from the set of equations.
The simplest of all these methods is the method of Gaussian elimination 
attributed to CF Gauss. To illustrate this method let us consider three 
simultaneous equations with the unknowns x^x^, and x^. If we now 
eliminate x^ from the'second and third equations and then from the 
third equation, we finally get a single unknown in the third equation. 
Thus the value of x^ can be found and substituting x^ in the second 
equation the value of x^ is obtained. Knowing the values of and x^ 
the last unknown x^ can be found from the first equation. There are 
other variants of Gaussian elimination and these are algebraically the 
same. The methods differ depending on the order of elimination, the 
technique used for storing the matrix in the computer, and the ways of 
circumventing large rounding of errors. Some of the variants use, to 
their advantage, special properties of matrices such as symmetry and 
positive definiteness.
All these methods are capable of handling more than one right hand sides 
simultaneously as opposed to the iterative methods, and the original 
matrix and the right hand sides are lost in the process of solution. If 
the user’s computer can accommodate a3.1 the information needed in the 
fast memory during the process of solution, the direct methods are better 
than any other method known to date considering the cost of computer use 
and the accuracy of the results.
Modern computers have additional auxiliary storages in the form of magnetic 
tapes or discs which can be used to store information not required 
continuously in the computations* The auxiliary storage is not directly 
accessible for computation, therefore when required the information is 
copied on to the fast memory* This process of transferring data adds to 
the total time of computation, and can become excessive in the case of 
large order matrices.
2*6*2 Iterative Methods
These methods are suited to large order sparse matrices* In contrast to
direct methods the matrix A remains unchanged throughout the process* The
iteration converts a vector xk into xk+  ^which depends on A, b and xk as 
k—1well as x for some methods. The following section outlines the author*s 
general approach to the basic iterative methods.
A )  Generalised Approach to Basic Iterative Methods
The matrix A is split into two triangular matrices E and F and a diagonal 
matrix D* With the arbitrary multipliers ot and , A may be written
A = (-E + /S E - /?E) + (D + oCD - o£D) -F------------ ------2*6.1
The-generalized iteration scheme when derived using expression 2*6.1 for A
in the original equation is
(cd.D - /3E) xk+1 = b + [(E - /3e) + (oC ~1)D + F:] xk   2.6.2
where x and x are the successive approximations expected to approach 
the solution vector x.
Prmultiplying equation 2.6.2 by ( cC D -
xk+1 =  (1 - dL)~1 [(I - <*L) + w (L- I + U) ] xk + w (I - a D ~ V 1b
2.6*3 ■
where L = D E^j U = D ^ ~ j and w = *“
The matrix associated with the vector x is known as the iteration matrix 
end denoted by<& c Therefore
£  = (I - dL ) -1 £(I - dL) + w (L - I + U)1
or Z  = Fl - w (I - 3 L ) " V 1a]  2.6.V
The scalars cC and fl can be set to give the basic iterative methods* The
table beloitf is self explanatory
TABLE 2.6.1.
0C A i w Scheme Method
1 0 0 1 k+1 ,T 'ri-I.A k „~1,x = (I-D A) x + D b Jacobi
1
"1
0 0 W1 xk+"* = (l~v;^ D~^ A) xk + v?^ D“^b Acc* 0‘acobi
1 1 1 1 xk+1 = I-(I-Lr1D~1A xk + (I-L)~1D“/lb Gauss-Seidel
W
S
1 ws V7s xk+1 = I-w (I-w L ) ~ V 1A xk + w (I-w L s s s s )“1D“1b
Successive ovez 
relaxation (SCR
The Convergence of Iteration
Considering the general scheme
• k+1 p k ‘ _ r _
x = <Lx + k  —  2*0.5
where k is a vector of constants, the recurrence relationship gives
k+2 k+*1 , , * o c. c.x = x + k — ----—  2 .6*6
Subtracting 2.4*5 from 2.4.6
I xk+2 k+1 P, k+1C -  X  =  * A x k\ x )
. . k+2 k+1 vm k+1 k jn-'Denoting x *» x = Y , x - x =■ Y* .
Thus 3?,n X y ” -1 = X £ im- 2 = U t Y m'3
or Y“ =
The necessary condition for convergence is
2.6*7
Jjtm ^  s -0,'and. to satisfy this condition it must be ensured that
Lt
From the above discussion it is evident that the fastest convergence is
obtained when £  is a minimum. Applying Romanovsky's theorem described
in reference 15, it is possible to relate oC, and -with the maximum
eigenvalue \ for all the basic iterative methods. The proof is given in 
max
Appendix I where the contents of Table 2.6.2. have been derived.
TABLE 2.6.2.
A W . 1
°P* = 2
Xnax 
or Ajy Hitt Method
0 1 11r max Jacobi
0 v/ ~ .— §——  1 ~ 2 ' max
flmax Accelerated Jacobi
1 1 P 2' max Gauss-Seidel
1 2
1+ 1-U2• max
2
1- r max
A■ max
SOR
. W
In Table 2.6.2. opt is the optimum value of w which minimises the value
of X  « and U is the largest eigenvalue of the matrix L+U.'max’ /max
B) The Gradient Methods
Another class of iterative methods are the 'Gradient Methods' (16) based 
on minimising a certain quadritic form of the components of vector x of 
the equations Ax = b. For example, if r is the residual vector for an 
approximate solution vector y of the above equations, then the quadritic 
form Q is: -
Q is a minimum when the vector y is replaced by the solution vector x. 
It is possible to reduce the quadritic form Q steadily starting with an
cC and w gives rise to various methods. For a given w, the value of 
which reduces the quadritic form Q to a minimum is obtained as follows.
6.15
approximate solution vector x°. The process may be represented by the
sdheme
where oC, is a scalar and w a vector as yet unspecified. The choice of
Letting vector u* = Avh, the change in the quadritic form at (k+l)th stage 
of iteration is:-
Minirnising the change with respect to 06 .^,
2.6.17
The vector w*C may be chosen as the th column of the Unit matrix, so that
P
just one component of x^ is changed at this stage. The most rapid change
towards the minimum of the quadritic form is obtained by taking
which gives
TThe computation of A. A is lengthy in the case of a general matrix, but
with a symmetric positive-definite matrix a convenient quadritic form
Twhich does not require computation at AA can be used.
The quadritic form
S — "2 x Ax - x b •••«••• 2,6,18
1 T -1which takes its minimum value - ~b A b when x = A b. In structural 
analysis S is analogus to the total potential energy of a structure. 
Following the procedure as before, the value of \\rhich minimises S is
/ kvT k
J  VW ) r 0 r -q
k ~ , kxT. k ..•.••• ^.o. U
Cw ) Aw
the result analogus to 2,6.15.
  __  Jr_
The most rapid change towards the minimum is obtained by talcing w = i* %
the current residual vector. The iteration scheme then becomes
Xk+1 = Xk + (b - Axk) 2 .6*20
which for a constant oC is exactly the accelerated Jacobic method for A with 
unit diagonal elements.
It
Given an approximate solution vector x , it is possible to improve the
• • ♦ ]csolution by multiplying the vector x by a scalar, say p. The scalar p 
which minimises 2.6.18 is
/ k\T
R _ I* ) b o £P  -  1-  rn 1- £ -e O # £ » l .
(x ) Ax
The above process is evidently not iterative. This technique has been used 
here in conjunction with the method of S.O.R. in solving stiffness matrices,
CHAPTER III
.ANALYSIS AND SOLUTION OF INDIVIDUAL CASES BY THE FINITE ELEMENT' METHOD
3.1 Introduction
In this chapter the actual computational aspects of the finite element 
method is discussed. A computer program using Algol 60 language (ICL 190Q 
Series version) has been developed to analyse slab bending problems. From 
the input data of geometry, material properties and loading, etc. for a 
particular problem, the program forms the individual stiffness matrices of 
the various elements, assembles the stiffness matrix of the structure, and 
solves the resulting system of equations by the, method of Successive-Over-*- 
Relaxation. Having the solution, it calculates the nodal bending moments'in 
each element. Finally, it computes the bending moments at each node by 
averaging the values from the adjoining elements. The structure of the 
program is discussed in the follov/ing section with the aid of an example 
from series L.S.2.
-3*2 Structure of the Computer Program for Bending Problems 
In discussing the steps used to formulate a problem, test case L.S.2 having 
opening size of 0.3L^x O^E^is considered. Figure 3.2.1.shows that there are 
17 different types of elements. Any particular group represents the elements 
having the same size and material properties. An element in the position of 
element A or C of Figure 2.^.2 (Section 2.*f. of Chapter II) does not belong 
to the group representing the elements which have the same size and material 
properties as this element because special boundary conditions due to the 
re-entrant corner are to be imposed before matrix assembly is performed. 
Element types 16 and 17 are such elements in question. A number of nodes 
are considered to form a group depending on the fact that the assembled 
stiffness matrix for these nodes are the same and are of the- same type as 
Sj_ described in Section 2.5 of Chapter II. In this example there are 80
J.Y
OPENING
/
1 0 0 0 15 u 14 14 14 5 5 . 4 4 4 4
2 0 0 0 15 u 14 14 14 5 5 4 4 4 4
3 0 0 0 16 u 14 14 14 5 5 4 4 4 4
L 15 15 17 15 14 14 14 14 5 5 4 4 4 4
5 12 12 12 12 13 13 13 13 6 6 3 3 3 3
6 12 12 12 12 13 13 13 .13 6 6 3 3 3 3
7 12 12 12 12 13 13 13 13 6 6 3 3 3 3
8 12 12 12 12 13 13 13 13 6 6 3 3 3 3
9 10 10 10 10 11 11 11 11 2 2 2 2
10 10 10 10 10 11 11 11 11 2 2 2 2
11 9 9 9 9 8 8 8 8 7 7 1 1 1 1
12 9 9 9 9 8 8 8 8 7 7 1 1 1 1
13 9 9 9 9 8 8 8 8 7 7 1 1 1 1
U 9 9 9 9 8 8 8 8 7 7 1 1 1 1
J = 1 2 3 L 5 6 7 8 9 10 11 12 13 U
Fig 3.2.1 Types Of Elements In Test Case L.S.2 
Opening Size = 0.31^ 0.3L2
x
l
OPENING 
Y Grids -1  2 / 3  ~  5
i i \  i i i
Grid 1 — so— *80 4-80—74— i-
I i / i i i
O —  8 0 —8 0 — 80 r - 7 8 —  8
' M i l l
3  —  8 0 - 8 0 —- 8 0 —79 —  77
I I I I I
L —  74—81 — 76— 16— 15
I I I I I
C 7 3 _ | 7 — 2 0 — 18— 19
I I I I I
6  —  2 7 - 2 8 — 2 8 —2 9 — 30
I I I I I
7  — 3 7 - 2 8 — 28— 28— 37-
« I 1 I M
8  —  3 7 - 2 8 — 2 8 - 2 8 — 28
I I I I I
g  _  75 — 3 8 — 3 8 — 38 — 39
10 —  4 3 - 4 4 — 44— 44— 4 5 — 4 6 - 4 6 — 46— 80
10 11
1 1 —  4 9 - 5 0 — 50 — 5 0 — 51— 52 — 5 2 - 5 2 — 80 ^ - 8 0 ^ - 4 0 -----------53 —---------53  5 3 ----------- 54
12 —  5 5 - 5 6 — 56— 5 6 - 5 7 - 5 8 - 5 8 - 5 8 — 59-— - 6 0   61 •62 •62 62 63
13 —  5 5 - 5 6 - 5 6 — 56 — 5 7 — 5 8 - 5 8 - 5 8 — 5 9  ‘ 6 0  61   62 ------------- 62 — 6 2 ----------- 63
1 £  —  5 5 - 5 6 — 5 6 — 56— 57— 5 8 - 5 8 - 5 9  —  59   6 0  6 1 ------------ 62------- — 6 2 ’ ~  62  63
Grid 15 ~  6 4 - 6 5 — 6 5 — 65— 66— 67— 67— 6 7 — 68------- 69— 7 0 ------------7 1 -------------71 ------------ 71------------72
Fig. 3.2.2. Group Representation Of Nodes 
Test Case L.S. 2. Opening Size 0.31-jX 0.3L2
such groups as shown in Figure 3*2.2. Such group representation greatly 
reduces the storage requirements.
Generally, nodes are numbered consequentially and the co-ordinates are 
given from an arbitrarily chosen origin. For this type of problem where 
all elements are rectangular, it has been found convenient to locate a 
node by the intersection of grid lines in x and y directions. The global 
co-ordinate system is chosen parallel to local co-ordinate systems of the 
elements and therefore no co-ordinate transformation is involved. In this 
example there are 13 grid lines in each of x and y directions locating all 
the nodes. The elements are also located by means of a similar grid system 
which consists of 1*f grid lines in each of x and y directions. Thus, for 
example, the node at the re-entrant corner is located by grids k in x and 
y directions, and the element type 16 is located by grid 3 In x-direction and 
grid k in y-direction of the grid system for the elements.
Tiie figure 3 . 2 0  shows a simplified flow chart of the program:
Read constraints and loads
Step 1
Read types of elements 
Form elements stiffnesses 
for all types
Step 3
Apply S.O.R. and accelerating 
techniques until desires 
tolerance is reached
Read types of groups 
Form stiffness sub matrices 
of type S for all groups
Compute bending moments at the 
nodes of the elements and compute 
average nodal moments
Sten 2
Modify element stiffnesses 
for special boundary 
conditions at the re-entrant 
corner
Figure 3*2.3 Simplified Flow Chart of the Program
Computations in Steps 1, 3» and 6 are straightforward. Operations in 
Step 2 and Step 3 are described in the following sections.
3c3 Modification of Element Stiffnesses at the Re-entrant Corner
Let ^e contain the unmodified stiffness matrix of an element already formed 
in Step 1. The element requiring special boundary conditions are elements 
16 and 17 of Figure 3*1*1* Considering element 16 first, it is required to
impose the first of the relationships of eq 2*4.5 * The nodal deformation 
vector u and nodal load vector q associated with the matrix e^ of 
Section 2.5 of Chapter II are:
T Y© 0 0 0 © 0 © 0 \u = I xn y<1 wr x2 y2 w2 x3 y3 w3 xk y^ w^j
T- (T T P„ T T P0 T T P_ T T P, 'j
<1 = V ^  y1 1 x2 y2 2 X3 y3 3 X4 y4 V ' "
v;here 1t 2, 3 and 4 are internal numbering as shown in Figure 2.4.2
Let the elements of a row vector G bei-
GCl) = va/b 
G(2) = 0.0
G(3) = -1.5 (va2 + b2)/ab2
G(-4) = 0.5 va/b
G(5) = 0 . 0  ....... 3.3.1
G(6) = 1.5 va/b2
G(7) = 0 .0
g(8) = 0 .5
G(9) = 1.5/a
G(10) = G(11) = G(12) = 0.0
Then the first of the relationships of the eq 2*4.5 can be written as 
y* = u(2) = G.u ....... 3*3*2
Now the matrix kg is modified using the relationship of eq 3*3*2 
*
k : = k + k G e e e
m **
k : = k + G k ....... 3*3*4e e e
k : = k + GTG 
e e
*
where k appearing on the right hand side is the current k , k is the 6 0 0
*
2nd column of then current k and k is the 2nd rov; of then current ke e e
The final modified stiffness matrix km is obtained by replacing column 2e
and row 2 of k^ by zeros. In general the associated nodal load vector q 
is also modified as 
q: = q + G?q(2)
but this is obviously not necessary if q(2) = 0. In all the problems solved 
in connection with this research only vertical loads at the nodes were - 
applied and consequently loads corresponding to the rotational degrees of 
freedom v/ere always zero.
Considering element 17, the second of the relationships of eq 2.4-.5 is to be 
imposed on k of this element. The row vector G in this case is:»
G(1) = G(2):= G(3)s= G(*f): = 0 .0
G(5) = 0 .5 vb/a y
G(6) = 1 .5 vb/ 2 a
G(7) = ~o.5
G(8) r= 0 .0 *••*«•• 3*3*5
G(9) = 1*5/b
G(10) = 0 .0
G(11) = vb/a -
G(12) = -1*5 (vb^ + a^)/a b
Thus .= u (10) = Gu
Nov; k is modified in exactly the same manner as before but using the e
relationship of eq 3*3*6* The final modified km is obtained by replacing
6
row 10 and column 10 by zeros.
In general the relationships between deformations are not confined within a 
single member or an element and hence it is necessary to impose the kinematic 
constraints on the assembled stiffness matrix. The procedure then includes 
a few more steps. Nooshin & Hussey (17) have discussed general cases of 
kinematic constraints.
3«A Iteration Process
In the example there are 225 nodes located by the intersection of 15 grids in
each, of the x and y directions* At each node there are three unknowns
including constrained degrees of freedom. Let the matrix TJ having 
15 x 3 = ^3 rows and 15 columns be generated in order to contain the values 
of 675 unknowns. Iteration starts by making all unknowns equal to zero i.e. 
U = 0 . The constrained unknowns are thus not required to be operated upon.
eq 2*5*1) for 80 groups (see Figure 3*1*2) have been computed and stored in 
a matrix named SK. This matrix SK is a three-dimensional array having the 
dimension 1:3 * 1s27* 1:80; the third subscript of the array identifies a 
particular group for which the stiffness matrix is a 3 x 27 sub matrix of SK* 
Each sub matrix of SK has been assembled assuming that the nodes are numbered 
locally from 1. to 9 us shown in Figure 2.5*2. To operate on a node it is 
therefore necessary to form a vector of type u^ (see Section 2«5) taking from 
the vector U the actual deformations of the adjoining nodes as well as of the 
node' itself in the same sequence as in uf. Let this vector be called U_
question.
Let it be assumed that the iteration is being performed on the deflection at 
a node given by the intersection of nodal grids 7 of Figure 3*1*2. The 
stiffness matrix for this node belongs to group number 27, and the deflection 
w at this node is to be stored in U (3 x 7, 7), i.e. U (21, 7). The iteration 
procedure is:-
0 ©
namely x, y and w, making the total number of unknowns equal to 675
In Step 3 of Figure 3*2.3* the assembled stiffness matrices of type S^ (see
Thus:
oc( 13) = x^; U^0C(lA) = ®y; and ^ oc^ 5) -. w of the node in
(i) Let sum = [sK*j
where SK* = third row of the sub matrix of SK corresponding to 
group 27
(ii) .Then U?0 (15) = (1-ws> x  uloc(15> ~ wg (sun - q)/SK(3,15,27)
where ®?oc^ 5 ) = new value of 15)
w = relaxation factor defined in eq 2*6*3 s A
and q = load corresponding (15) i.e. U(21,7)
(iii) or 11(21,7): = U "  (15)loc
The iterations for ©x and @y are performed in a similar manner. A cycle 
of iteration is completed when all the nodes are operated* Such cycles of 
iterations are carried out until a convergence criterion is satisfied. 
Convergence criterion and accelerating technique used in the program is 
discussed next.
3*^.1 Convergence Criterion and Accelerating Techniques
The value of w which results in most rapid convergence is not easy to find s
theoretically. Lehman (18) suggested a procedure where a ratio X  is
obtained from the three successive approximate solution vectors, and -
depending on this value of X. the value of w is modified at the end of eachs
cycle until X  approaches a constant value. To apply Lehman’s procedure the
value of w is chosen nearly equal to 2 .0 for a large order matrix and then s
this value is modified thus:-
denoting the norm 
X  >  / w -1 then w : = w + ( A - / w -1)
V S  o  o  v S
or else w : = w ■ - 0.1 x (2-w ) s s s
k + 1 k x -  x
i t  i n
X  -  X
lenmanus procedure was nor xoiiowec oecause it was ooservect curing trial
runs that the rate of convergence of deformation values in the zone
represented by smaller elements was extremely slow.and it remained so for
various values of w . The value of w was chosen as 1*85? for most of the3 s
problems*
The building up of values was accelerated by assuming initially higher . 
loads in these zones* It was found satisfactory to increase the loads by 
5 times within zone A of Figure 3*4*1 and by 2*3 times within zones B and C
while loads in zone D were left unchanged* This new load vector
was used for the first 40 cycles and then corrected to represent the actual 
applied load* The acceleration was further enhanced by using eq 2*6*21 
described in Section 2*6.2*4e
column
opening
Zone C Zone D
Zone B
Figure 3*4*1
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The convergence is generally tested by means of 'Norms*. A. tolerance is 
set against which the change in the Norm is tested and iterations are 
terminated when this change is smaller than the set to3.erance.
A slightly different criterion has been used in this program in view of the 
fact that slow convergence within a small zone of the structure does not 
cause a discernable change in the norm. Therefore, rather than using a 
norm, a selection of nodes were made where the following criterion was 
tested. The criterion was
k+1 k w - w
k+1
W
Iterations were terminated when the above criterion had been satisfied at 
all the selected nodes simultaneously. The value of 0.00075 in eq 3*^*1 was 
chosen quite arbitrarily. This criterion would suggest apparent convergence 
when convergence is very slow, however, in the event of such a poor 
convergence the executions should be terminated in any case.
A plot of the values of deflections obtained at the end of each cycle is 
shovm in Figure 3®^®1® The graph clearly shows that convergence has been 
obtained. The effect of using initially higher loads is also clearly 
reflected in the graphs and in fact this technique assures that convergence 
has been attained generally from above.
For problems in Group A, the closeness of the four cases within each of the 
series L.S.1 and L.S.2 led to an economizing process in the iterations. The 
program was made to store the values of the deformations at the end of the 
computations for a test case so that the next case could'be started with 
those deformations as first approximations. The iterations were then
continued as before except that correct load vector was used this time 
since the first approximation was a very good one.
For the problems in Group 3, the elements used were nearly of equal size and 
therefore the technique of applying higher initial loads was not used. Other 
than this, the iteration procedure 'was the same as for problems in Group A.
CASE L.
TABLE 3*5*1
i OPENING SIZE =. 0.1L x 0.1L. REF. FI.G. 6.2.1.
NODE 
I J
COORDINATES 
-X/L y/l
. MOMENTS 
Mx/qL2 My/qL2
1 2
3
4
5 
• 6
8
9
10
0.45
0.4
0.35
0.3
0.23
0.19
0.08
0 .0
0.5
ft
«»
ii
ii
ii
it
0.0014
0.009
0.0083
0.0051
0.0009
-0.008
-0.0115
-0.0123
0.0282
0.0224
0.0229
0.0237
0.0255
0.0304
0.0328
0.0351
2 2
3
4
3
6
8
9
0.45
0.4
0.33
0,3
0.23
0.19
0.08
0.45
it
it
ii
tt
ti
ii
0.0264
0.0096
0.0087
0.0050
0.0005
-0.0086
-0.0123
0.0263
0.0199
0.0196
0.0209
0.0228
0.028
0,0305
3 3
4
5
6 
8 
9
0.4
0.33
0.3
0.23
0.19
0.08
0.4
II
II
II
tl
II
0.0151
0.01
0.0056
0.0005
-0.0099
-0.014
0.015 
0.0165 
. 0.018 
0.0198 
0.0246 
0.0269
4 4
3
6
8
9
0.33
0.3
0.25
0.19
0.08
0.35
ii
n
ti
0.0118
0.006^
0.0004
-0.0121
-0.017
0.0119
0.0134
0.015
0.0188
0.0206
3 3 
6 
8 
9
0.3
0.25
0.19
0.08
0.3
ii
ti
ti
0.0073
0.0002
-0.0153
-0.0211
0.0075
0.0084
0.0105
0.0112
6 6 
8  
9
0.25
0.19
0.08
0.25
ii
it
0 .0
-0.0199
0.0264
0.0002
-0.0004
-0.0018
8 8 
9
0.19
0.08
0.19
it
-0.0407
-0.0499
-O.OA08
-0,0397
9 9 0.08 0.08 -0.1024 -0.1028
16 16 -0.5 -0.5 0.0288 0.0287
TABLE 3*3.2 V
CASE L.S.1 OPENING SIZE = 0.2Lx 0,2L. REF. FIG. 6.2.2. LOAD - U.D.L.
NODE COORDINATES
I J -X/L Y/L Vix/qlT Hy/qL2
1 3 0. A 0.5 -0.0039 0.0221
k 0.33 tt -0.0018 0.01A1
3 - 0.3 tl 0.0052 0.0177
6 . 0.25 It O.OOA^ 0.0281
8 0.19 it -0.008A . 0.032
9 0.08 It -0.0121 0.03^5
10 • 0 .0 0.A5 0.131 . 0.0369
2 3 o.A 0.A5 0.00-r •O.OI87
k 0.35 tt 0.0018 0.0216
3 0 .3 ft 0.0102 0.0256
6 0.25 It 0.0013 0.02A1
8 0.19 It -0.0091 0.0296
9 0.08 11 -0.0129 0.0323
3 3 O.Jf O.A 0.0157 0.0179
0.33 tt 0.0073 0.0177
3 0.3 ti 0.008A 0.0205
6 0.25 it = ' 0.001A 0.0212
8 0.19 tt -0.0105 0.026
9 0.08 tt -0.01A8 0.028A
k k 0.33 0.33 O.OI3 0.0122
3 0 .3 it 0.0073 0.0137
6 0.25 0.0006 0.0158
8 0.19 tt -0.0128 0.0199
9 0.08 tt -0.0179 0,0218
3 3 0 .3 0.3 O.OO87 0.0092
6 0.25 tt 0 .0 0.0089
8 0.19 tt -0.0162 0.0111
9 0.08 it -0.0223 0.0119
6 6 0.25 0.25 0 .0 0.0003
8 0.19 tt -0.0211 -0.000A
9 0.08 it -O.O270 -0.0019
8 8 0.19 0.19 -0.0*00 -0.0*02
9 0.08 it -O.O527 -0.0^19
9 9 0.08 0.08 -0.1082 -0.1086
16 16 -0.5 -0.5 0.0308 0.0307
TABLE 3*5*5 •
CASE L.S.1 OPENING SIZE = 0.3L x 0.31*.' REF. FIG. 6.2.3* LOAD ~ U.D.
MOMENTS
I J -X/L ■ ?/L Mx /  qL^ My/ qL2
1 V 0.35 0.5 -0.0012 0 .020V
3 Oc3
it -0.0016 0.0168
6 0.25 it .0.0036 0.0228
8 0.19 >i -O.OO96 0.0316
9 0.08 it -0.0119 0.03^
10 0 .0 it -O.OI3 0.0364
2 V 0.35 0 .V5 -0 .00^3 . 0.0159
5 0.3 ti 0.0006 0.0205
6 0.23 it 0.0062 0.0252
8 0.19 11 -0.0096 0.0291
9 0..08 tt -0.0126 0.032
3 V 0.35 O.Jf O.OOS 0.0173
5 0.3 II 0.0022 0.0189
6 0 .25 ft O.OO5V 0.0232
8 0.19 tt -0.0107 0.0255
9 0.08 11 -O.OIA5 0.0281
V V 0.33 0*35 0.0116 0.0119
3 0.3 u 0.0062 0.0153
6 0.23 tt 0.0032 0.0165
8 0.19 tt -0.012? 0.0196
9 0.08 tt -0.0177 0.0215
5 5 0.3 0 .3 0.0086 0.0082
6 0.23 tt 0.0015 0.0091
8 0.19 tt -0.0159 0.0111
9 0.08 ■ tt -0.022 0.0117
6 6 0.23 0.25 0.0001 0.0006
8 0.19 tt -0.0208 -0.000V
9 0.08 11 -0.0275 -0.0019
8 8 0.19 0.19 -0.0V2V -0.0^26
9 0.08 tt -O.O52O -O.OVlV
9 9 0.08 0 .08 -0.1068 -0.1071
16 16 -0.3 -0.3 0.0306 0.0303
TABLE 3*5A
CASE L.S.1* OPENING SIZE = 0.**L x 0.**L. REF. FIG. 6.2.**. LOAD - U.D.L.
NODE COORDINATES
I J ~X/L Y/L Mx/qL Mv/qL^
1 5 Oo3 0 .5 • -0.001 0.0257
6 0. 23 tl -0.00** 0.0236
8 0.19 II -0.0063 0.0288
9 0.08 II -0.0093 0.03**2
10 . 0 .0 »» -0.0131 0.0375
2 5 0 .3 0.**5 -0.0012 0.0202
6 0.25 If -0.0037 0.0221
8 0.19 II -0.0062 0.0297
9 0.08 It -0.010** 0.032**
3 3 0 .3 o.** -0.0018 0.0159
6 0.23 ii -0.0021 0.0200
8 0.19 tt -0.007** 0.0261
. 9 0.08 11 -0.0128 0.0283
^ 3 0 .3 0.33 -0.0012 0.012**
6 0.23 ti -0.0012 0.01**6
8 0.19 ti -0.0096 0.020**
9 0.08 11 -0.0171 0.0209
3 3 0 .3
K\•
O
0.0013 0.0020
6 0.23 II 0.0001 0.0072
- 8 0.19 II -0.013** 0.0117
9 0.08 II -0.0220 0.0111
6 6 0.23 0.23 0.0008 0.0007
8 0.19 n -0.0193 -0.0002
9 0 .08 ti -0.0273 -0.0023
8 8 0.19 0.19 -0.0**20 ~0.0**21
9 0.08 11 -0.051** -0.0**08
9 9 0.08 0.08 -0.1051 -0.1055
16 16 -0 ,5 -0.5 0.0295 .0.029**
TABLE 3,5.5
CASE L.S.2 OPENING SIZE = 0.1L1 x 0.1L2. REF. FIG. 6.2.5 & 6
NODE COORDINATES MOMENTS
I J Y/L2 Mix/cjL-jL^ Mv/qL^L.
1 2 0.^75 0 .5 0.0122 0.079^ -
k 0.5^25 tt 0.0129 0.567
6 0.2575 tt 0.00A2 0.0556
8 ■0.1575 tt -0.0027 0.0599
9 0 .08 II -O.OOVi 0.0618
10 0 .0 ft -0.0052 0.0628
2 1 0.5 0.AA75' 0.0570 -0.00A7
2 oAk-75 tt 0.0519 0.0651
k 0 .0 fe5 tt 0.0126 0.0A91
6 0.2575 tt O.OOVf 0.0558
8 0.1275 -0.0052 0.0595
9 0.08 tt -0.00^7 0.0619
k 1 0.5 0.5^25 0.0229 0.0279
2- 0.¥f75 tt 0.022 0.0261
8 0.1575 tt -0.0102 0 .0 1^-01
9 0.08 tt -0.01A2 0.0A2*f
6 1 0.5 0.2575 0.0517 0.0025
2 0.¥f75 tt 0.0526 0.0058
8 0.1575 -0.0265 -0.0016
9 0.08 tt -O.O5A7 -0.0029
8 1 0.5 0.1575 O.O58 -0.0205
2 0Ab73 tt 0.0579 -0.0209
4 0.5^25 it 0.0258 -0.0272
6 0.2575 tr -0.002 -0.0A59
8 0.1575 tt -0.0659 -O.O858
9 0.08 tt -O.O787 -0.0775
9 1 0.5 0.08 0.0595 -0.0281
2 0.^f75 tt 0.'059^ f -0.0286
O.5A25 tt 0.026 -0.0555
6 0.2575 tt -0.006 -0.0518
8 0.1575 tt -0.0605 -0.0980
9 0.08 it -0.1652 -O.I908
10 1 O .05 0 .0 o.o4oo -0 .0522-
15 15 -0.05 -0.05 0.0202 0.0557
LOAD - U.D.L.
 ^ TABLE 5.5.6
GASS L.S.2 OPENING SIZE = 0.2L1 x 0.2L2# REF. FIG. 6.2.7 & 8. LOAD - U.D.L.
NODS COORDINATES MOMENTS
I  J T /l2 M x / q L 1 L 2
1 3 0.395 0.5 0.0002 0 . . 0 4 5 5
4 0.3425 ft 0.0028 0.0445
6 0.2375 tt 0.0023 0.0444
8 0.1375 It -0.0024 0.0469
9 0.08 tt 0.0059 0.0481
10 0 .0 ft -0.0054 0.0485
3  1 0.5 0 . 3 9 5 0.0288 0.008
3 0.395 tt 0.0279 0.0472
4 0.3425 tt O.OO76 0.0567
6 0.2375 tt 0.0027 0.0372
8 0.1375 it -0.0047 0.0407
9 0.08 tt -0.0071 0.0422
4  1 0.5 0.3425 0.0253 0.008
3 0.395 ti . 0.0208 0.014
8 0.1375 tt -0.0079 0.0315
9 0.08 tt -0.0116 0.0329
6 1 0.5 . 0.2375 0.0268 0 .0
3 0.395 tt 0.0227 0 .0
8 0.1375 tt -0.0204 0 .0
9 0.08 tt -0.0273 0 .0
8 1 . 0.5 0.1375 0.031 -0.0166
3 0.395 tt 0.0263 -0.019
4 0.3425 tt 0.0204 -0.0221
6 0.2375 tt -0.0011 -0.0348
8 0.1375 tt -0.0506 -0.0655
9 0.08 tt -0.0624 -0.0599
9  1 0.5 0.08 0.0324 -0.0224
3 0.395 tt 0.0273 -0.025
4 0.3425 1* 0.0206 -0.0284
6 0.2375 it -0.0045 ~o.o4i
8 0.1375 tt 0.048 -0.0776
9 0.08 tt -0.1323 -0.1513
10 1 0.5 0 .0 0.033 -0.0252
15 15 -0.5 -0 .5 O .0205 0.0333
I TABLE 3.5.7
CASE L.S.2 OPENING SIZE = 0.3^ x 0.3L2. REE. FIG. 6.2.9 & 10. LOAD - U.D.L.
NODE COORDINATES MOMENTS .
I J -X/J^ Y/L2 ^ ^ 2  Hy/qL1L2
1 4 0.3425 0.3 0.0029 0.0425
6 0.2375 u ' 0.0047 0.0443
8 0.1375 it -0.0027 0.0459
9 0.08 it -0.0039 0.0471
10 0.0 ir -0.0054 0.0476
4 1 0.5 0.3423 0.022 0.0014
4 0.3423 ft 0.0177 0.0279
6 0.2375 ii 0.0044 .0.0275
8 0.1375 ii -O.OO78 0.0308
9 0.08 ti -0.0114 0.0322
6 1 0.5 0.2375 0.0272 0.0037
4 0.3423 it 0.0182 0.0021
8 0.1373 it -0.0200 0 .0
• 9 0.08 ii -0.0268 -0.0017
8 1 0.3 0.1375 0.0304 -O.OI63
4 0.3423 ti 0.0200 -0.0216
6 0.2375 ii -0.0011 -0.0341
8 0.1375 ti -0.0496 -0.0642
9 0.08 tt -0.0611 -0.0587
9 1 0.3 0.08 O.O318 -0.0219
4 0.3423 If 0.0202 -0.0279
6 0.2375 If -0.0044 -0.0402
8 • 0.1375 If -0.0471 -0.076
9 0.08 It -0.1296 -0.148
10 1 0.5 0 .0 0.0324 -0.0247
15 1 -0.3 -0.5 0.0201 0.0327
TABLE 3.^,8 ■
CASE L.S.2 OPENING SIZE = 0.4Lr  x 0.4L2. REF. FIG. 6.2.11 & 12. LOAD - U.D.L.
NODE COORDINATES ' MOMENTS
I J -x/i^ i/l2 Mx/qL^L^ % / q L ^
1 5 0.29 0.5 0.0000 0.0419
6 0.2375 -0.0007 0.0425
8 0.1375 «» -0.0032 0.0444
• 9 0.08 •» -o.oo4o 0.0453
10 0.0 ii -0.0052 0.0457
5 1 0.5 0.29 ' 0.0224 0.0000
5 0.29 ii 0.0075 0.0084
6 0.2375 ii 0.0001 0.0122
8 0.1375 ii -0.0118 0.0169
9 0.08 ii . -O.OI65 0.0180
6 1 0.5 0.2375 0.0242 -0.0044
5 0.29 ii 0.0086 -0.003
8 0.1375 ti -0.0189 -0.0011
9 0.08 ti -0.0252 -0.0016
8 1 0.5 0.1375 0.0285 -0.0160
5 0.29 it 0.0111 -0.0249
6 0.2375 tt -0.0010 -0.0323
8 0.1375 n -O.O476 -0.06l4
9 0.08 it -O.O588 -0.0563
9 1 0.5 o.oB 0.0302 -0.0205
5 0.29 it 0.0104 -0.0306
6 0.2375 it -o.oo4o -0.0380'
8 0.1375 1! -0.0454 -0.0730
9 0.08 II -0.1255 -0.1429
10 1 0.5 0 .0 0.0315 -0.0231
19 15 -0.5 -0.5 0.0201 0.0326
TABLE 3*5*9 •
CASE L.S.G.T.3® - REF, FIG, 6.3*13* LOAD INTENSITY =1.0 LB/SQ.FT. U.D.L.
NODE COORDINATES MOMENTS (FT.LB/FT)
I J X(FT) Y(FT) Mx My
1 6 20.0 32 .0 2.77 -3*04
7 24.0 ti 30.36 3*3
8 28.0 ti 43.87 2.17
9 32 .0 ii 44.01 1.78
2 6 20.0 47.0 4.91 4.32
7 24.0 h 31*84 -16.76
8 28.0 it 32.25 -11.96
9 32 .0 ii 49.41 -10,22
3 6 20 .0 42.0 -10.13 -145*33
7 24.0 ii 48.13 -37*29
8 28.0 ti 33.86 -10.58
9 32 .0 tt 31*05 -7*6
A 6 20.0 38.23 2.57 17.91
7 24.0 it 29.94 6.13
8 28 .0 n 48.34 10.57
9 32 .0 tt 47*12 9.65
3 1 0 .0 3^.5 3*74 3*78
2 4.0 it -66.98 -5.86
3 8 .0 t» 22.23 2.17
4 12.0 it 37*25 0.05
3- 16.0 H 39*22 1.88
6 20 .0 II -21.09 104.68
7 24.0 II 22.72 48.75
8 28 .0 tt 39*76 38.09
9 32 .0 II 39*69 34.1
6 1 0 .0 30.416 -2.86 32.1
2 4.0 II -9.7 42.62
3 8 .0 It 8.14 34.02
4 12.0 II 24.14 34.7
3 16.0 II 18.88 43.0
6 20.0 II 17*93 34.57
7 24.0 II 26.49 60 *64
8 28 .0 It 33.38 37.24
9 32 .0 11 33.19 34.99
7 1 0 .0 26-333 0.13 35*84
2 4.0 II 3*16 54.16
3 8 .0 II 9.85 53.46
4 12.0 11 16.40 53.46
3 16.0 II 17*73 57.91
6 20.0 II 19*85 61.08
7 24.0 tt 25*04 62.66
8 28.0 II 30*79 61.12
9 3 2 .0 . II 30.02 61.26
TABLE 3,5.9 tCONTD*)
CASE L.S.G.T.3 (CONTD,)
NODE COORDINATES MOMENTS (FT.LB/FT)
I J X(FT) Cy (f t ) . Mx • My
3 1 O.O' . 22.25 0.16 33.67
2 V o it 6.k8 32.82
3 8.0 ti 10.99 31. v
V 12.0 u 12.79 31. V
3 16.0 i» 11.7V 33.82
6 20.0 ti ■12.98 33.39
7 2V 0 ii 19.63 5V 69
8 28.0 it 27.69 32.17
9 32*0 ii 29.2 31.67
■TABLE 3.5.10
CASE L.S.G.T.4. - KEF. FIG. 6.3.14. LOAD INTENSITY = 1.0 LB/SQ.FT.
NODE COORDINATES MOMENTS (FT.LB/FT)
I J X(FT) Y(FT) Mx My
1 6 l8eO 32 .0 4.21 2.46
7 21.33 it -10.93 . 2.36
8 24.67 ii -22.01 2.23
9 • 28.0 ii 24.29 -2.38
12 40.0 it 19*79 1.63
2 6 . 18.0 47.0 2.43 -16.93
7 21.33 ii -6.10 -18.77
8 24.67 it -33*63 . -17.03
9 28.0 ii -44.16 1.83
12 40.0 ii 27*22 -12.01
3 6 18.0 42.0 -6.28 -18.93
7 21.33 it 2.03 -29.06
8 24.67 it -16.43 -64.37
9 28.0 it -146.04 -139.89
12 40.0 it 31*86 -11.07
4  6 18.0 38.25 3*02 12.93
7 21.33 11 4.23 -4.08
8 24.67 ti -23.3 -9.67
9 28.0 ti -31.23 7.51
12 40.0 11 30.31 6.18
5  1 0 .0 3 ^ .5 6.37 3*66
2 4.0 11 -68.03 -6.34
3 7*3 it 23*98 2.42
4 11.0 it 48.33 -2.28
3 14.3 11 62.42 O .63
6 18.0 1! 68.84 43.34
7 21.33 11 10.31 36.73
8 24.67 It -8 .2 40.01
9 28.0 II -13.9 40.03
12 40.0 11 23.21 32.23
6 1 ' 0 .0 . 30.416 -3.13 34.44
2 4.0 11 -4.89 43.71
3 7.3 i» 15.13 33*23
4 11.0 11 38.31 30.67
3 14.3 11 43.9 35.07
6 18.0 11 38.39 4o«4
7 21.33 11 24.7 52.14
8 24.67 11 9.15 58.94
9 28.0 11 3.18 62.09
12 40.0 ti 20.3 55*39
/
TABLE 3*3>10 (CONTD.)
CASE L.S.G.T.4. (CONTD.)
NODE COORDINATES MOMENTS (FT.LB/FT)
I J X(FT) Y(FT) Mx My
7 1 0 .0 26.533 0.02 59.65
2 4.0 it 8.82 55.42
3 7-3 ti 20.53 52.33
4 11.0 tt 32.98 48 • 62
5 14.5 it 38.81 47.89
6 18.0 t« 34.58 53.01
7 21.33 tt 24.28 58.81
8 24.67 tt 14.09 64.62
9 28.0 tt 8.69 67.88
• 12 40.0 it 18.28 63.28
8 1 0 .0 22.25 o.o4 60.21
2 4.0 tt 11.92 55.27
3 7.3 it 22.84 51.69
4 11.0 tt 32.98 47*97
.5 14.5 tt 37.31 46.48
6 18.0 tt 32.63 4-8.33
7 21.33 ii 21.64 52.98
8 24.67 ti 9.95 57.81
9 28.0 tt 3.34 6O0I8
12 40.0 tt 18.05 53.62
/"TABLE 3*5*11
CASE L.S.G.T.8 (LEFT HALF) - REF. FIG. 6.3*15 
- LOAD INTENSITY = 1«0 LB/SQ.FT. U.D.L.
NODE COORDINATES MOMENTS (FT.LB/FT)
I J . X(FT) Y(FT) Mx My
2 7 2 4 * 0 48.67 3 4 . 8 0 - 5 . 9 8
8 28.0 >1 2 8 . 3 7 - 5 . 8 7
9 32 .0 H 3.62 - 3 . 7 4
10 36.0 it - 1 4 . 4 2 - 3 . 6 1
11 . 3 9 * 0 ft - 1 1 . 3 - 7 . 3 9
12 4 2 . 0 ti - 0 . 1 4 • - 15.82
3  7 2 4 . 0 % 5 . 3 2 3 8 . 3 5 . - 12.26
8 28.0 If 3 3 . 3 - 15.88
9 32 .0 f» 0 .7 - 28.63
10 36 .0 1! - 4 1 . 7 8 - 19.70
11 3 9 . 0 I! - 2 0 . 8 4 - 4 0 . 5 6
12 4 2 . 0 II 0 .72 - 4 3 . 8 6
4  7 2 4 . 0 4 2 . 0 3 9 . 5 4 - 1 0 . 2 7
8 28 .0 it 3 3 . 7 2 - 1 5 . 3
9 32 .0 it 1 6 . 7 7 - 4 1 . 3 6
10 36 .0 ti - 118.16 - 1 3 5 . 3 5
11 3 9 . 0 ti - 8.05 - 68.83
12 4 2 . 0 11 - 3 . 3 2 - 5 1 . 4 3
5  7 2 4 . 0 3 9 . 0 3 7 . 5 4 ■ 1 . 2 3
8 28.0 ti 3 2 . 3 0 - 2 . 2 7
9 32 .0 11 0 . 4 9 - 1 6 . 0 5
10 36 .0 11 - 4 9 . 5 1 - 5 . 3 3
11 3 9 . 0 ii - 2 3 . 9 2 - 1 8 . 4 7
12 4 2 . 0 it - 0.21 - 2 0 . 3 7
6 7 2 4 . 0 ' 36.0 3 2 . 9 5 20.30
8 28.0 11 2 6 . 7 8 2 0 . 6 9
9 32.0 11 2.81 23.88
10 36 .0 it - 19.06 2 8 . 9 7
11 3 9 * 0 11 - 1 8 . 6 7 - 3 4 . 8 3
12 4 2 . 0 it - 2 0 . 7 1 6 7 . 3 7
1 3 4 3 . 0
ii 22.86 O .76
1 4 4 8 . 0 11 3 1 . 5 7 - 0 . 3 3
7  7 2 4 . 0 31.67 26.10 4 7 . 7 6
8 28 .0 11 2 2 . 1 4 4 9 . 2 6
9 3 2 . 0 it 1 0 . 1 3 ' 5 3 . 6 4
10 36 .0 11 - 0.18 56.67
11 3 9 . 0 ti - 0 . 4 2 5 5 . 1 0
12 4 2 . 0 ii 5 .22 4 9 . 1 0
1 3 4 3 . 0
tt 10.00 4 5 . 0 3
1 4 4 8 . 0 11 1 8 . 1 3 4 1 . 6 8
CASE L.S.G.T.8.(CONTD.)
NODE COORDINATES MOMENTS (FT.LB/FT)
I J X(FT) Y(FT) Mx My
7 24.0 27.33 22.63 60.62
8 28.0 m 20.04 61.86
9 32.0 ti 12.94 64.68
10 36.0 tt 6.79 65.78
11 39.0 tt 6.32 65.28
12 42.0 ii 8.79 62.19
13 45.0 ti 12.02 60.37
14 48.0 it 15.28 39.76
7 24.0 23.0 . 22.06 55.15
8 28.0 it 18.39 56.53
9 32.0 ii 9.98 59.77
10 36.0 it 3.88 61.03
11 39.0 it 4.75 60.20
12 42.0 ii 8.76 57.87
13 45.0 ii 13.44 55.38
14 48.0 17.27 54.90
CASE L.
~J * J  . \c.
l.T.7* - REF. FIG. 6.3.16. IOAD INTENSITY = 1.0
NODE COORDINATES MOMENTS (FT.LB/FT)
I J X(FT) Y(FT) Mx %
2 7 24.0 47.0 39.27 -9.55
8 28.0 . tt 35.68 -11.41
9 32.0 tt 8.70 -16.05
10 - 36.0 tt -13.63 -7*15
11. 4o.o it -2.27 -33.76
3 7 24.0 42.0 41.26 -7*17
8 28.0 - tt 37.60 -11.39
9 32.0 tt 21.31 -37*25
10 36 .0 11 -89.98 •-117*98
w 40.0 tt 3.26 -73*38
4 7 24.0 39.0 38.97 5*52
8 28.0 tt 35.05 3.47
9 32.0 tt 5.59 -7.22
10 36.0 tt -40.38 4 .62
11 40.0 tt -4.11 -21.95
3 7 24.0 36.0 33.98 25.09
8 28.0 it 28.95 26.87
9 32.0 tt 7.01 32.00
10 36 .0 11 -18.28 42.31
11 40.0 ti 48.19 101.03
12- 44.0 tt 30.76 2.18
13 '48.0 tt 39*02 -0.27
6 7 24.0 31.67 26.81 51.93
8 28 .0 tt 23.55 54.82
9 32.0 it 11.74 60.90
10 36.0 tt 2.26 64.84
11 40.0 tt 1.08 59.13
12 44.0 11 11.06 48.29
13 48.0 it 23.84 42.46
7 7 24.0 27.33 23.12 64.08
8 28.0 u 21.03 66.01
9 32 .0 • tt 14.54 69.21
10 36 .0 u 8.55 71.64
11 40.0 it 9.03 69.03
12 44.0 tt -13.66 65.68
13 48.0 tt 17.62 63.12
TABLE 3.5.12. (CONTD.)
CASE L.S.G.T.7. (CONTD.)
NODE COORDINATES MOMENTS (FI.LB/FT)
I J x(f t) Y(FT) Mx 'My.
8 7 24.0 23.0 22.38 57.31
8 28.0 it 18.96 59.14
9 32.0 tt 10.73 62.91
10 36 .0 ; tt 5*60 64.74
11 4o„o tt 7.77 63.39
12 44.0 tt 14.31 59.80
13 48.0 tt 18.45 58.20
9 7 24.0 18.67 25.04 32.26
8 . 28.0 it 18.02 33.75
9 32 .0 ti 0.35 39.58
10 36 .0 it -8.89 41.55
11 • 40.0 tt -1.45 40.03
12 44 * 0 tt 15.12 34.47
13 48.0 tt 22.58 33.07
TABLE 3.5.13
CASE L.8 eGoT„8o (RIGHT HALF) - REF. FIG, 6,3*1? 
LOAD INTENSITY « 1eO LB/SQ.FT. U.D.L.
NODE COORDINATES MOMENTS (FT.L3/FT)
I J X(FT) Y(FT) Mx. My
1 4 12.0 32 .0 4.84 1.69
3 16.0 11 28.91 5*94
6 20.0 . tt 44.82 5.21
7 24.0 tt 43.79 5.25
2 4 12.0 48.67 3.47 -1.02
3 16.0 tt 29.67 -8.22
6 20.0 tt 47.63 -7.00
7 24.0 tt 46.23 -5.38
3 4 12.0 45.33 . 3.64 -29.59
3 . 16.0 I! 33.78 -36.38
6 20.0 It 52.43 -13.25
7 24.0 tt 48.72 -9.81
4 4 12.0 42.0 -16.63 -201,07
3 16.0 tt 48.06 “38.77
6 20 .0 ft 47.94 -8.49
7 24.0 tt 47.36 -4.84
3 4 12.0 39.0 0.64 7.47
3 16.0 11 19.41 4.65
6 20.0 it 41.99 9.51
7 24.0 it 43.04 8.75
6 1 0 .0 36 .0 49.31 -1.09
2 4.0 tt 43.97 -0.88
3 8 .0 tt 24.50 2.67
4 12.0 ' it -107.11 155.20
3 16.0 H 6.98 49.8
6 20.0 tt 33.1 34.62
7 24.0 tt 36.29 28.77
7 1 0 .0 31.67 34.77 36.14
2 4 .0 tt 28.89 39.58
3 8 .0 11 ■1.7 32.57
4 12.0 tt -6.02 67.57
3 16.0 ft 8.11 68.05
6 20.0 tl 23.38 . 60.75
7 24.0 tt 27.33 55.06
TABLE 5.3.13* (CONTD.)
CASE L.S.G.T.8. (RIGHT HALF) CONTD.
NODE COORDINATES MOMENTS (FT.L3/FT)
I J X(FT) Y(FT) Mx My
8 1 0 .0 27.33 24.8 33.61
2 4.0 ti 20.73 39.41
3 8 .0 tt 10.64 67.7
4 12.0 tt 7.13 70.81
3 16.0 it 11.94 72.13
6 • 20.0 tt 21.08 67.27
7 24.0 tt 23.11 65.31
9 1 0.0 23.0 21.38 32.39
2 4.0 n 17.66 33.27
3 8 .0 tt 9.15 60.51
4 12.0 tt 3.37 63.46
3 16.0 tt 9.93 62.70
6 20.0 tt 18.38 59.15
7 24.0 11 22.08 57.42
EXPERIMENTAL STRESS ANALYSIS BY MOIRE METHOD
4.1 Introduction
•Experimental stress analysis-is very useful in studying structural behaviour. 
Theoretical investigations, no matter how rigorous and thorough, are based 
upon certain assumptions and idealisations. This necessitates a study into 
the behaviour of the actual structure or its model by means of experiments.
In most cases.it is not possible to have the actual structure or its proto­
type tested for economic reasons and therefore the only alternative is to 
carry out tests on models.
The common methods of measurement of stress or strain in a plate bent by 
lateral loading are:-
1) the method of strain gauges
2) the method of transducers
3) the method of Moire'” fringes
The Moire'” method seems to be the obvious choice, for it has the following
points in its favour:-
(i) the method gives a complete picture of the behaviour of the plate 
under loading
. (ii) model making is comparatively easy since Perspex is the material 
normally used; cutting and shaping offer no special problems 
and jointing, if carefully done, assures monolithicity
(iii) a fairly precise loading is obtainable with properly adjusted levers
(iv) the photographic processing is routine work provided a properly 
equipped dark-room is readily accessible 
(v) derivation of the results is simple. A computer program which uses 
the leastsquares method for curve fitting can be very conveniently 
adapted to compute moments 
(vi) and finally, the method is capable of producing accurate results
4.2 Moire” Patterns
Moire” patterns are the result of superposition of figures having periodic 
rulings. The general requirement is that the figures have some sort of 
solid and open regions. The solid regions may be straight, circular, wavy 
lines or dots or any other geometric form* Moire*” patterns have valuable 
applications in various fields of science and engineering.
4.3 Moire''as Applied to Stress Analysis
When two arrays of lines are superimposed, Moire'” fringes appear as alternate
dark and light lines. Figure (4.3.1) shows this effect where two sets each 
having alternate black and white grids of equal width are superimposed. When 
superposition is such that the two identical sets match, it is evident that 
no fringe will appear, but when one is rotated'with respect to the other a 
set of parallel equidistant fringes are formed, the direction of the- fringes 
being perpendicular to that of the bisector of the angle of rotation. In 
Figure (4.3.1) fringe fQ is the locus of the points of one set which has
been displaced by a distance equal to half the pitch of the lines* Following/'
similar reasoning it can be said that every such fringe is the locus of 
points which-have'been displaced by a definite multiple of the pitch in a 
direction perpendicular to the fixed set of 3.ines. Moire' fringes are also 
formed when one set is laterally displaced (usually the pitch of grid lines 
in two sets are different).. The same effect is obtained when a body deformed 
under loading is used to create a set different from the original* The
movable grid, if on the surface of the'body, will follow the deformed shape,
and if an arrangement could be made to project the original and the deformed 
grid focussed in the same plane, Moire*” fringes will appear. In the absence 
of plane stress a simple technique of using a body having a reflectiog 
surface will do away with the problematical operation of .etching a grid on 
its surface. F.K. Ligtenberg ( 19 ) of Technological University of -Delft,
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Holland} developed the apparatus currently-in-use* The apparatus (Type 
M1/03 Technish Bureau "Exacts1' reference No* ) is used to analyse models 
whose reflecting surface is executed as a.first surface mirror. Details 
of the apparatus is given briefly in Section 4*7*
Ligtenberg's Method 
The model is mounted on the frame of the apparatus as shoxm in Figure 
The reflecting surface of the model faces the screen which has alternate 
black and white rulings of equal width. The camera is situated at the back 
of the screen and on the optical axis* An image of the screen is formed in 
the focal plane of the -camera objective. Photographs of the reflected screen 
are taken before and after loading. Deferring to Figure S is the
image of Q on the screen as well as of the point P’ on the plate in the initial 
state. The plate deflects under loading and S now becomes the image of 
point R of the screen and of point P on the plate. The deflection w being 
very small compared with the distance a (756 mm) it can be assumed that P 
and Pf refer to the same point on the plate. Thus the relation between the 
distance QR and the slope 0 can be obtained and hence the slope 0 is easily 
calculated provided QR is known. Nov;, if the point S* lies on a fringe QR 
must be an integral number of screen rulings in order to form a fringe and 
this fringe will, then represent a contour of constant QR or 11.d-where n 
is an integer and d- is the interval of the rulings on the screen.
For a flat screen QR is related to slope 0 by the following expression
2
.......QR = 2s0
where *b; is the distance of point P from the axis of the screen.

It is possible to obtain a linear relationship QR=2a0 using a 
suitably curved screen. Two theoretical solutions exsist for the 
curvatures of the screen prodiicing the above relationship. Of the 
two solutions, the screen having the shape of a straight circular 
cylinder of radius R = is convenient to use provided b^O.^fa.
*f.5 The Method of Model Analysis
The Moire’ method is perhaps the most simple and direct method available to 
structural engineers for determining the bending moments in a flat plate 
structure. This method enables one to determine the amount of relative 
rotation of one point to the other of the loaded structure. Curvature at 
any point can be obtained by measuring the rate of change of slope at that 
point and hence the bending moments. This method has been successfully used 
by many research workers and quite justifiably it has become one of the 
popular methods of stress analysis.
4.3*1 Expressions for Moments in Flexural Problems
The following are well-known expressions relating moments per unit length to 
the curvatures at any point in an isotropic plate bent under loading:
Ox2 3y2
4.5.1
Kxy = Myx
where v is the Poisson’s ratio and D is flexural rigidity per unit length
The value of D is obtainable from the expression below
12(1 - V2)
4.5.2
where h is the thickness of plate and B is Young’s Modulus.
A series of slope values obtained from Moire'’ fringes on a section is plotted
/
against distance and the curve thus obtained is differentiated graphically 
to get curvatures. Alternatively, a polynomial can be found which-will 
represent this slope curve. The latter method is convenient when a large 
number of points are to be analysed,
4.6 Determination of Curvature, Bending Moment and Deflection 
For a particular orientation of the rulings of the screen slopes are obtained 
in a direction perpendicular to the rulings. Slope values in orthogonal 
directions are required to compute moments. Thus, for example, when rulings 
are parallel to the y~axis of the model, 0 is identical with and rotating 
the screen by $0° values can be obtained. . ' ,
Each Moire' fringe corresponds to a particular displacement, but there is no 
way of identifying (other than from physical considerations in some cases) 
which are the zero contour lines. However, for determination of the second 
derivatives absolute slope values are not necessary since only the differences 
of these values are needed for the computations. It is generally possible to 
know the sign of the second derivative from the physical behaviour of tile, 
structure.
From the fringe photographs, as stated earlier, curves of against x and 
dv
^  against y may-be .plotted, along several sections of the plate. Slopes 
of these curves will give values of second derivatives. For determining
3^w . ,  . dw . 3w
§x."dy one can eitner plot- ^  against y or ^  against x with due regard 
to the fact that such values of or should be observed from any single
arbitrary datum for the section in question*
Any suitable method of differentiation can be adopted, e.g. graphical 
differentiation, drawing tangents, using a mirror reflection, etc. When 
the number of points at which the calculations are necessary are too many 
these methods tend to be tedious and time consuming, and the accuracy of 
the results is not consistent because of the personal judgement involved 
in the process. The volume of work which is involved with this research 
'work has led to the adoption of a computerised method which maintained 
consistent accuracy and handled a large number of computations. This 
method outlined in the next section uses leastsquare criterion with orthogonal 
polynomials as a further refinement.
4.6.1 Method of. Leastsouares
This method is based upon the principle that the best value of a quantity 
that can be deduced from a set of meausrements is that for which the sum of 
the squares of the deviations of the observed values from the true ones is 
a minimum.
As stated earlier, a series of slope values can be obtained along any section,
from the fringe photograph. These slopes when measured from a reference
point can be represented as several pairs of points (x^ , y^). Using these
co-ordinates (x^, y^) it is possible to express y in terms of a polynomial
which will in fact be the equation to a curve very close to the slope curve.
The variables x and y are then connected by the following'relation:-■
y = a + a.x + a_ x2 + a_ x^ +' .....  + a x11  4-.6.1o 1 2 3 n
The constants a^ through a^ are to be determined using the leastsquares
criterion.
Let v. be the deviations or residuals after fit, so that v. = y. - y . » i x. x 1
y^ is given by the following expression:-
V. ~ a + a.X. + ■ a-X • 4" * e » * « 4* a » X . • « e • e e e 4*6*2J x o I i  2 x n l
If S is the sum of the squares of the residuals, then 
k
S — ^  (v_^ ) • *.«•*« 4 * 6«3
i=1
•where k is the number- of observed points* The leastsquares criterion 
requires that S be a minimum. Hence for S to be a minimum
as as as
dS = • da + *r—“ . da„ '+ ..... 4- ^—  * da = 0d a o da. 1 da no 1 n
4*6.4
as _ as_ _ as_
o aal n
Substituting for v^ in the expression (4.6*2) the following k number of
'normal equations' are obtained:-
k k
' Cao + a1xi + a2xi + ••••• + V xi)’1 = H  yi-. " 
i=1 i=1
k k
H  (ao + V :i + a2Xi + + ' V 3? 5**! = H  yi*Xi
4*6*5
i=1 i=1
kH ( ao + a.x r a-x. +   + a1 i 2 x n
i=1
K
2n \ n,x. ;.x =■ / y.*x.x n £  ^x x
i=1
equations (^ -*6.5 ) can be written in matrix form as follows:*
1 1. • ♦ i n xi 9 9 9 9 9 9 9 9 9
n
xi
iao
X1 x2 • » yTc
1 X2 9 9 9 9 9 9 9 9 9
n
X2 a1
* * * • • « * 9 9 • o c 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9
e « * * • o e « e 0 9 9 9 9 9 9 9 9 * 9 9 9 9 9 9 9.9
n n 
X1 X2
n
*k\
1 •
*k
n an
1 « . « « « « . . « 1 |y
xi
x ^  . . . . . . . . . y2
• • . * .' « « . . . ■9 9 ♦ •
n
xi
n
x ^  « • • « * • • » »
n ,
dk I yJ
0
or
or
, [ # ] . [ x ] . { , J  - [ , * ] . { , ]  
. i f.:.-1 . x’ .{ ,}
0
k.6*6
This method, although quite satisfactory for small values of n, is likely
• ■ -.. T
to give poor results when n. is large due to the fact that the matrix X.X
then becomes ill-conditioned. Another disadvantage of this method is that
whenever the value of n is changed a set of new values of a through ao ° n
must be computed. A method which overcomes these difficulties uses orthogonal 
polynomials.
Using orthogonal polynomials, y is expressed in the following way:- 
n
y = c... 0^ (x) ....... ^.6 .7
0=0
where 0 Xx) is an orthogonal polynomial in x of degree j c •
0 0
coefficient of this polynomial. In other words if ’ b’s are the coefficient
of the polynomials 0 ,
y = °ObOO + C1(b01 + b11x) + °2 (b02 + b12X + b22s2) + *"•*■
..... + ,ok(b0n + b1n.x + .. + b^x")
from which it can be readily seen that eq 4.6.1 and eq 4.6.7 can be made to
be identical by suitable choice of;the coefficients. The method is given
in Appendix II.
4.7 Test Procedure on the Moire'' Apparatus
The apparatus-is'mounted on a rigid steel framework and has four-major
components, namely, a screen, a camera, a loading device and lighting
equipment. The screen has the shape of a straight circular cylinder of
radius3«5u and can be rotated in the vertical plane. It is mounted on a
pair of vertical columns and can be moved up and down. The columns are in
turn fixed to a very heavy base plate which runs on a pair of transversely
mounted rails. The rails are attached to a frame which has backward and
forward motion actuated by rotating a threaded spindle. Thus all possible
movements of the screen are permitted. The black and white rulings on the
screen are parallel to its longitudinal axis, the width of each rilling...being
2.268 mm. The distance of the model from the centre of the screen has to be
d75^ mm so that the constant ^  ^or ‘this apparatus becomes 0.0015 radian,
The camera mounted at the centre of the screen has its lens in the curved 
plane of the screen. Photographic plates 9 cm x 12 cm are used with the 
camera.
The loading can be applied horizontally or vertically. For vertical loading 
applied to a horizontal model, weights are hung from the model by any 
suitable means. A mirror placed at 45° to the model is necessary to.produce 
an image in the vertical plane. For applying horizontal loading to a vertical 
model, levers having equal arms are used weights' being hung from the 
horizontal arms of the levers (Figure 4.^.1).
To obtain a Moire/ fringe photograph of sharpest definition-it is very 
important to have the screen uniformly illuminated. The apparatus-was 
originally supplied with four lamps as standard equipment, but these were 
found to give insufficient illumination. A separate lighting system, 
consisting of a pair of uColortran Litesn • . >• / )> together with a-
transformer for regulating the intensity of the light, was substituted*
The following procedure has been adopted for testing models. ■ i-
Step 1 - Preparing Models Heady for Testing
The model must have a base rigid enough to transfer the load to the 
supporting system without any appreciable deformation. A timber, board 1 in. 
thick has been found adequate for this purpose. The model is mounted in the 
vertical position. Loads applied with the help of the lever system described 
earlier are evidently point loads, and therefore an arrangement has been made 
to distribute the loads over the required area. This has been achieved by 
using a rigid timber board (0*3 in. thick) and 1 in. thick foam rubber. The 
foam rubber, placed next to the model is compressed appreciably (about 0„3 in. 
under the load compared to the deflection of the model (about'0*03 in.). 
Uniform dispersion of the point load acting on the timber board has thus 
been ensured.
Step 2 - Setting Reference Axes
It is necessary that the model and the screen have a common reference axes.
The models being rectangular in shape, it has been convenient to keep one 
side level with the horizontal which for the screen is the l80o/0° setting.
Step 3 ~ Levelling of Levers
EachTlever used for the application of loads is brought into the exact 
position and levelled so that an applied vertical load at the end‘.of--the
horizontal arm causes a perfectly horizontal load to be transmitted on to 
the model via the push rod. Incidentally, all levers have equal arms 
(vertical and horizontal) so that the same magnitude of. load is transmitted 
horizontally#
Sten k - Setting of Screen
A measuring rod 756 mm long is supplied with the apparatus. The rod is held 
square in the horizontal position with one end touching the model surface 
and the screen is brought forward .to touch the other end. Next the screen 
is rotated and set at the desired angle. The lights are switched on having 
first been positioned at an angle of 30° with the screen. The camera 
objective diaphragm is 'fully opened and the bellows are adjusted to bring 
the plate housing in the focal plane. A lens which magnifies the image on 
the ground glass is used to help achieve a sharply focussed image.
The lights are then switched off and the camera loaded with-a photographic 
plate which replaces the ground glass plate® The smallest aperature is 
set and the shutter is checked to see that it is correctly set to the non- 
instant position by opening and closing it several times.
Step 5 - Initial Load
The model is now loaded with an "initial load" to eliminate any slackness. 
After the rapid creep time is over the lights are switched on and the first 
exposure given* ' -
Step 6 - Final Load
The model,is then loaded with the final loading and again time is allowed 
for the initial rapid creep to take place. A second exposure.is given to 
the same plate. Great care has been exercised so as not to disturb any
component of the apparatus during the test. The net load,.i.e. final minus 
initial, has been so chosen that the number of fringes are sufficient for 
calculations and that they are clearly distinguishable around places where 
stress concentrations are expected. • . ;
Sten 7 - Development of the Photographic Plate
The plate is then removed and developed according to manufacturers 
specification. This-is very important because a good negative is essential 
for clear distinction of fringes.
Step 8 - Preparing Full Scale Enlargements
A new type of enlarger is now available which has the lens and lamp assembly 
mounted horizontally. The image of the negative is projected on to a mirror 
placed at k5° from which it is reflected upwards to be received on a tracing 
paper laid flat on a glass forming a transparent table top. Outline of the 
model is drawn on the tracing paper beforehand. The image magnification is 
adjuted to the correct full size by matching the peripheral lines. Sections 
along which results are required may be drawn beforehand if they have been 
decisively fixed and then their intersection points with the fringes 
marked. Alternatively the entire fringe pattern may be traced out and used 
later when the choice of sections have been finalised. Both methods have 
been used during the course of this research, the latter during earlier 
stages. •
CHAPTER V
PREPARATION AND TESTING OF MODELS '
3.1 Introduction '
Two models of Lift Slab used, for the tests were designed b5r Gupta (*+ ) 
in connection with the research carried out in the Department of Civil 
Engineering a few years ago. The models relate to Lift Slab structures 
in which the slab panels and the columns-were either square, or rectangular 
having aspect ratio = 1 .2 (the columns were rigidly connected to the slabs) 
and the ratio of column size to panel dimension was 0.16. Rectangular 
openings were cut in the central panels of the models, in each case the size 
of opening to the panel dimension was 0.1 in the respective directions. This 
ratio was increased to 0*k in steps of 0.03. The models were designed to 
closely represent typical prototype structures. Each model consisted of nine 
panels with the slab extending beyond the peripheral columns by a certain 
calculable distance. ■ .
Tests were also carried out on four models of typical Lift Slab car parks.
In this series the slab in each case had a rectangular cut-out in one of the 
peripheral panels. The investigation on these models were carried out during 
the latter period of research on request from the sponsor ( ) who observed
that cracks in the slab emanate from the re-entrant corner of the cut outs 
during the lifting operation. The connection between the columns and the slab 
were therefore treated as simple supports and the models were designed 
accordingly. "
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5®2.1 Dimensional analysis for models
In determining the sizes of various components of a model, the fundamental 
requirement of equivalence between the model and the real structure (proto­
type in sequel) must be observed. The equivalence sought here is one of 
distribution of bending moments. This can be achieved by taking scaling 
factors such that the relative stiffnesses of the components of the proto­
type are maintained in the model. It is then to be expected that the 
scaling factors for lengths, thicknesses and cross-sections are in general 
interrelated.
The bending moments being independent of the thickness of the plate permits
one to use a scale for length in the plane of the plate different from that
• EL^for the thickness of the plate, whereas the plate rigidity — -— —- and
kEI 12(1-V )
the rigidity of the column —=~ must have a common scale. The
kEI
constant k in the quantity depends on the boundary conditions of the
column. If it is assumed that conditions which exist in the prototype have 
been simulated in the model, then the value of k has no significance in 
dimensional analysis.
Let it be assumed that the scale factors and & are intended to be
used in determining the dimensions of the model. Denoting A for area, t 
for thickness, L for length and b x d for cross section of a column, and 
using suffix p for prototype and m for model, one has: 
cL ~ scale for lengths in the plane of the plate
i.e. ^  = cC2 (a)Am
= scale for the thickness of the plate
V = scale for the lengths of the columns
i • e o ^  = y - - - - - - - - - - - (c)
i i i n
and b - scale for the cross-sections of the columns
± e ££ _ flE _ £ „ _ _ _  (d)lce* bm ~ dm " . - - - - - - Kaj
Usually the same scale is chosen for oC and b to avoid difficulties in 
representing a column-head in monolithic construction or a hole in the 
slab for the column to pass through in *lift-slabf construetion.
Letting K denote the proportion of rigidities: '
- - a  - - - - - - - - - - - - - -  w
Reducing the rigidity of the column by the same proportion K, one gets:
*2 aZ
■ Ep bp dpJ _ K Em bm dnP _ _ _ _ _ _ _ _ _ _
L L v '
P m
Making use of expressions (c) and (d) the above expression (f) reduces to
bk =  t f / 5 3  -      -      -  < g )
Expression (g) relates the scale factors , 8 and b  which must be 
satisfied whilst deriving the model dimensions.
There are practical limitations which dictate the choice of the actual 
scaling factors. The plates unless specially made are usually available 
in certain thicknesses and therefore first choice is made for a certain
•  s
thickness of plating to be used for the model. This settles the scale 
factor . The scale factor cC is chosen such that the model can’be 
conveniently made and tested by the user’s apparatus.
Group A
The models L.S.1# and L.S.2. were designed following the recommendation 
in CP 11^ -. The strips of the slab of.width equal to half panel widths on 
either side of the centre-lines of the columns were considered as portal 
frames# The columns above and below were assumed to be fixed at their 
extremities# The models, of course, had columns only on one side to allow 
for uninterrupted reflecting surface of the slab facing the camera of the 
Moire'' apparatus, and thus the stiffnesses provided for the columns were 
summation of stiffnesses of columns above and below the slab (refer to 
Figure 5*2.1). ‘The columns and the equivalent collar assembly were joined 
to the slabs by means of chloroform so as to provide a rigid connection#
The dimensions of the models L.S.1. ana L.S.2. are given in the representative 
figure 5*2.2#
77/ -77
Model
77777" 77/77 77777-
Prototype
Fig. 5.2.1. Prototype And Model
In order to satisfy boundary conditions (ii) and (iii) of section 5*2.2# 
when the slab is under U.D.L. the spans of the cantilevers (1^ in Figure 
5*2«2) are found to be approximately about l/2.^5th of the spans of the 
panels in their respective directions.
CO
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L.S. 1. Fig 5.2.2(a).
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L = 6.23 , L3= 2.55
CO
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L,=5 , L2=6 ,
L3=2.45’’ L4= 2.04'
LS. 2. F ig. 5.22(b).
The Models •
Series L.S.1. - Lift Slab having square panels
= 0,16; Aspect ratio = 1.0;
0.1 through 0.*f in steps of 0.05
Series L.S.2. - Lift Slab having rectangular panels
— 1= ~ 2  = 0.16; Aspect ratio = 1.2 
X1 *2
£2Bi= 52^2 = 0.1 through O.A in steps of 0.1  
X1 X2
In designing these models the prototypes in mind had the following relative 
dimensions (refer to Figure 5*2.1.):
L = span of slab 
C = column size = L/10
H = column height = -§L
■ T = slab thickness = L/5 5  
and the corresponding model dimensions being 1, c, h, and t. Suitable 
dimensions for the models which also satisfy the relationship (g) of section 
5.2.1. are:
(a) L.S.1.
L = 1. = 1_ = a = b = 6.25 in; 1_ = 2.55 in
1 d 5
C = . = . C2 = ® Xn’ b = 6 in; t = J in
(b) L.S.2.
h. = %  = 6 h  = b
^  = 2 7 %  “ in; h
= 0 .6 in; = 0 .5 in
The slabs v/ere made from JMth black Perxpex (1U ) sheets and the columns 
made of clear Perspex were obtained ready cut and tapped at one end. The
collars in the slab had been replaced by an equivalent thickness slab firmly■}
= 5 m; 1^ =
= 6 in; t = J in
= 2*^5 in;
1 Th Timbre Board
Collar
2 Sq. Perspex
Elevation
Plan
— jr ““
•__
Fig. 5.2.4-. Column Connection To 
The Base Board
Column
a
LS 1 LS 2
a 01875 in. 018 in.
b 01/, ii 014
c 014 ii 014 ..
d 0104 n 0104 -
e 0 ‘052 ii O’052"
f 0104 H o o
P lan From Belova 
Fig. 5.2.3. Details Of Collar
glued to the floor slab. The details of equivalent collars are given in 
Figures 3.2.3* The columns were then joined on to the collars. 1 in, thick 
timber board was used to make the base of the model. Holes of the size of 
the column were cut into the timber board and columns were fixed by means of 
screws as shown in Figure 3.2.4-.
Group B
The series consisting of models of car parks were constructed according to 
the drawings of the prototypes provided by the.sponsors. The prototype slabs 
viere mainly of two types, the difference in the types being the number of 
panels in the transverse direction. They were:
(a) a single panel 3 2*0” wide with 10*0M wide cantilevers on either side 
(L.S.G.T. 1, 2, 5 and 6)
(b) a short central 20*0” wide panel having equal spanned panels 3 2,Ou wide
on either side and 10*0" wide cantilevers on either end (L.S.G.T. 3? 7
and 8).
In both cases number of panels in prototype in the longitudinal direction 
were more than 6 (refer to Figures 1.2.1 (c) to 1.2.1 (j). The models of 
course have only three panels and a certain length of overhang in order to be
able to simulate the assumed boundary conditions. The dimensions of the
models of L.S.G.T. 3» 7 and 8 are shown in Figures 3*2.3 to 3*2.8. No
models were made for L.S.G.T. 1, 2, 3 and 8 since preliminary investigation 
showed that the distribution of moments in the region of the cut-out was not 
appreciably different from those in L.S.G.T. 3» 7 and 8 respectively.
Simulation of boundary conditions in the model
The problem of simulating the boundary conditions would not arise if all 
components of the model are accurately represented as far as practicable*
Some difficulties may arise due to the fact that in analysing the prototype
— ()■
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/certain assumptions are made to simplify the process of .analysis and design
i  ' ■
and consequently efforts are directed towards simulating those assumed 
boundary conditions in order to establish a more onerous basis which then 
makes.qualitative assessment possible* Simply supported and built-in edge 
conditions for the slabs are most frequent* These do not pose great problems* 
Simply supported boundaries can be provided by holding the plate between two 
knife-edges. A certain amount of inaccuracy is induced due to a slight over­
hang beyond the knife-edge boundaries. A perfect built-in edge conditions 
cannot be achieved because this does not exist in reality. A near enough 
condition can be engineered by ensuring that the supporting member has a very 
high rigidity compared to that of the member it supports.
Simply supported boundary condition for a column poses difficulties often 
because of the smallness of the perimeter of the support. On the other hand 
the importance of creating a truly simple-support condition in such a case 
is not altogether relevant because the effect of an improper simple support 
is barely discernable a small distance away. If it is primarily important 
to simulate a near perfect condition, one is then interested in the local 
effects and in that case the smallness of the components is unlikely to occur 
for obvious reasons.
^.2.2. Boundary Conditions in the Model 
Group A
In the analysis for the series L.S.1. and L.S.2. it has been assumed that 
the opening is situated in a typical interior panel of an infinite slab 
supported by regularly spaced rigid columns. Considering the interior panel 
and its symmetrical emplacement in the slab, the boundary conditions for the 
part of the slab shown by dotted lines in Figure 5*2.2. are shown in Figure
5*2.9.
Opening
Mx= °
My- 0 -
0 = 5^=0- 
Y  dx
4 Y
0 =ST=0
2Col.
w Sw _ dw _ n “|5x "dy ~U
0 =1^=O
Y  d x
X
^ - - 9  = -  n. Bx dy ‘ u 
Fig. 5.2.9. Boundary Conditions In L.S. 1 & L.S. 2
(i) w = 0; = 0 , on the periphery of the column
(ii) = 0  on sides parallel to y-axis 
Bw(iii) - 0 on sides parallel to x-axis
To achieve the conditions (i), (ii) and (iii), the slab is assumed to be 
composed of series of beams supported along column centrelines. The span 
of the overhanging slab in each case is calculated on the assumption that 
for an aforementioned typical beam under U.D. loading, the bending moments 
balance on either side of the column line. The models L.S.1. and L.S.2. 
were designed such that the boundary conditions (ii) and (iii) were nearly 
satisfied. The rigid jointing of the collar to the slab provided the 
necessary condition (i), of course only under U.D.L.
Group B
The slab in each case of this series is freely supported at the columns, 
area of the slab considered in the analysis is shown by dotted lines in 
Figures 5*2,5 to 5*2.8,
The
IThe following are the boundary conditions:
(i) v; = 0 on the periphery of the cut-out of the columns 
^ vr
(ii) g  = 0 on panel centreline parallel to y-axis
(iii) = 0 on the panel centreline parallel to x-axis
These boundary conditions are shown in Figures 5«2.10o
Boundary condition (i) was achieved by means of the connection shown in 
Figure 5e-2.11, The boundary conditions (ii) and (iii) were achieved by 
making the model such that there were at least one and a half panel lengths 
on either side of the axis considered.
i  Of Panel
^-Free Edge
Cut Out
Free
Free Edge
Fig. 5.2.10. Typical Boundary Conditions In 
Group B Problems
/FREE MOVEMENT OF 
PLATE
DIRECTION OF LOADING
1. 3/8*SQ X l/l 6 TFI STEEL WASHER
2. 1/8 TH PERSPEX PLATE .
3. 5 /l6 X 3/16'lONG STEEL TUBE .
4. l / 2 S a  X 6"LON G COLUMN.
Fig., 5.2.10. Column Connection To The Slab
C^$2B
j 5«3. Loading on Models 
Each of the models L.S.1. and L.S.2. was loaded by eight levers. Loads 
from these levers acted on the centres of eight -J inch thick timber boards 
pressing against eight 1 inch thick foam rubber mats,.which in turn put 
uniform pressure on the plate. It was found satisfactory to load these 
models to about 0*3 lb/sq.in. intensity. Each of the models L.S.G.T. 3j 
A, 7 and 8 was loaded by six levers. The six loaded areas were unequal and 
hence initial and final load intensities were not chosen to be the same 
throughout the plate for convenience of loading. However, net load 
intensities were' arranged to be very nearly equal for the six different 
parts. Table 3*3*1.summarizes the loading on all the models.
TABLE 5.3.1
All loading uniformly distributed.
Test Case
Initial
intensity
(lb/in^)
Final
intensity
(lb/in2)
Net
intensity
(ib/in^)
Mean temperature
during the tests 
op
Group A
L.S.1. 10% 0.0276 0.2795 0.2519 75*0
ii 20% 0.02762 0.27952 0.2519 7 6 .0
it 3 O}o 0.02793 0.27975 0.2318 73.0;
it ho% 0.02822 0.2801 0.23188 76 .0
L.S.2. 10% 0.03975 0.33975 0.3 75*0
it 20% 0.03978 0.33978 0.3 77.0
ti 3C% 0.0^293 0.3^295 0.3 72 .0
it ko% 0.0A3 0.3^35 0.3003 8 ^ .0
Group B
L.S.G.T, 3 variable variable 0 .1 )
it
1!
b
7
0.1 ) 
0.1 )
about 70 .0
It 8 0.1 )
5»*K Transfer of results from Model to Prototype
Poisson’s ratio v for Perspex is about 0.35? whereas for reinforced concrete 
v  is approximately 0.2. This apparently causes a little difficulty for the 
correct interpretation of the moire/ results. If boundary conditions of the 
plate are homogeneous, for example, a clamped edge or a straight simply 
supported edge, differing values.of Poisson's ratio do not invalidate model 
prototype equivalence. - It can be proved (reference 20) that whilst 
calculating moments for a plate having Poisson’s ratio different from that 
of Perspex, one has to use in the expressions A.3*1. of Section b.5» the 
flexural rigidity and curvatures of the Perspex model but the Poisson’s ratio 
of the prototype. At a free edge, however, Poisson's ratio enter in the 
boundary condition. The error at a free edge due to a model material having 
a different Poisson’s ratio is fortunately small (reference 21) and therefore 
for all practical purposes Perspex slab models should yield reliable results.
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CHAPTER VI
COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS AND CONCLUSIONS
6.1 Introduction
The theoretical and experimental values of bending moments have been plotted 
along the gridlines in x and y directions. Values of moments in x 
direction (i.e. Mx values) have been plotted along gridlines parallel to 
y-axis, and likewise My moments have been plotted along gridlines parallel 
to x-axis.
In the case of Group A problems, the values are non-dimensional; and in the 
case of Group B problems, the values have been computed on the basis of a 
tJ.D.L, of 1 lb/sft on the real structure.
To assess the practical application of the theoretical and experimental work, 
comparisons have been made wherever possible with the recommended design 
procedure given in Clauses 329 and 339 of C.P. 11*f. For the problems 
comprising Group B, recommended design procedures as such do not exist but the 
procedure for continuous frames may be used for the regions not influenced by 
cut outs of openings.
6.1.1 Redistribution of Bending Moments par C.P. 2?.k when Panel 
Contains an Opening
In Clause 329 of C.P. H^f, it is stated that for openings in the region common 
to two middle strips, moments should be redistributed to meet the changed 
conditions. However, it is not clear how this redistribution should be 
carried out. A typical redistribution would be to apportion moments between 
the column strip and-middle strip according to their relative stiffnesses.
From Table 22 of C.P. the total positive moment in the middle strip
is 0.16M and in the column strip is 0*2.2M where o o
WLp pr\ p
M = X 7“ ~ X ”) fo^ r the direction IIIo 10 1 3 1
'■^1 2P
and M = xr~ - ~=r) for the direction L_o 10 2 ^ 2
Observing the -proportion of values between the column strip and middle strip, 
the apparent stiffnesses are related by:-
kc ~ stiffness of column strip _ 22
k ~ stiffness of middle strip “ 16 m
In the case of an opening in the panel, the width of the middle strip being 
reduced the changed relative stiffnesses are approximately as follows:-
10/<; opening 20;b opening J>0% opening kO% opening
2^. _ 63.23 K  69.6 ^c _ 77 A  kc 87.^3
k “ 36.73 k = 30.^ lc ~ 227£ k “ 12.33ra m m m
TABLE 6.1.1
For the test cases comprising Group A, the moment values have been calculated 
using Table 21 of C.P. 11^ and’ then modified according to the Table 6.1.1 
above. The values obtained thus are compared with the values obtained from 
the Finite Element analyses and tabulated in Tables 6.1.2 and 6.1.3* These 
values from C.P. 11^ f are also plotted along the critical sections in figures
6.2.1 to 6.2.12.
J. V_> e S e C .
! i
Poisson’s ratio = 0.2
t ’
CASE
j
i
NODE 
I J
COORDINATES 
X/L Y/L
L.S.1 1 2 -0.45 0 .5
Opening
Size •= 0.1L x 0.1L 1 10 0.0 0 .5
2 2 -o.fe 0A 1
| 16 16 '0.5 ' -0 .5
L.S.1 1 ' 3 -O.Jf 0 .5
Opening
Size = 0.2L x 0.2L 1 10 0.0 0 .5
3 3 -0.*f o A
16 16 0 .5 -0 .5
L.S.1 1 k -0.33 0 .5
Opening
Size = 0«3L x OoJL 1 10 0.0 0 .3
k k -0.33 0.35
16 16 0 .3 -0 .5
L.S.1 1 3 -0 .3 0 .5
Opening
Size = O.AL x O.A-L 1 10 0.0 0 .5
3 3 -0 .3 0 .3
MOMENT
M
iff
My
MX
m7
Mx
My
iff
y
■M,
My
Mx
#
Mx
My
K*
y
Mx
16 16 0.5 -0.5
M'
iff
Mx
My
MX
iff
iff
M
MX
My
iff
1$
Hx
My
Mx
F;E. •
VALUES
C.P. 11^ - VALUES
PER TABLE 
22
MODIFIED BY 
CL.329
0.001A- 0.0278 0.0
0.0282 0.0278 0.030^
-0.0123 -0.0278
0.0351 0.0383 0.0*H8
0.026*f 0.0278 0 .030 f^
0.0263 0.0278 0.030^
0.0288 0.0278
0.0288 0.0278
-0.0039 0.0278 0.0
0.0221 0.0278 0.0333
-0.0131 -0.0278
0.0369 0.0383 0 .0^6
0.0157 0.0278 0.0333
0.0179 0.0278 0.0333
0.0308 0.0278
0..0307 0.0278
-0.0012. 0.0278 0.0
0.020A- 0.0278 0.037^
-0.013 -0.0278
0.036^ 0.0383 0.05115
0.0116 0.0278 0.037V
0.0119 • 0.0278 0.037V
0.0306 0.0278
0.0305 0.0278
-0.001 0.0278 0.0
0.0257 0.0278 0.0V 15
-0.0131 -0.0278
0.0373 0.0383 0.05773
0.0013 0.0278 0.0V 15
0.0020 0.0278 0.0V 15
0.0293 0.0278
0.029^ 0.0278
TABLE 6.1.3
Poisson's ratio 
CASE
L.S.2 
.Opening 
Size = 0.1L^ x
L.S.2
Opening
Size - 0,2L^ x 0
L.S.2
Opening
Size Oc3L^ x 0.
= 0.2
• NODE COORDINATES MOMENT 
I J x/l j^ y/l2
1 2 -0.45 0.5 M
Mx
»1L 1 10 0.0 0.5 My
2 M*
2 1 -0.5 0.45 My
Mx
2 2 -0.45 -0.4-5 My
MX
10 1 -0.5 0.0 . My
MX
15 13 0.5 -0.5 My
Mx
y
1 3 -0.4 0.5 M
M
• 2L 1 10 0.0 0.5 My
2 H*
3 1 -0.5 0.4 My
MX
3 3 -0.4 -0.4 My
M* ■
10 1 -0.5 0.0 My
iff
15 13 0.5 -0.5 My
iff
y
1 4  -0.35 0.5 H
iff
L_ 1 10 0.0 0.5 My
2 HX
4 1 -0.5 0.35 My
iff
4 4 -0.35 0.35 My .
Mx
10 1 -0.5 0.0 My
M*
13 13 0.5 -0.5 My
iff
y
F.E. C.P.114 VALUES
VALUES —----- ---- ;— — — ——
PER TABLE MODIFIED BY 
22 GI*. 329
0.0122 0.02293 0.0
0.0794 0.03393 0.037
-0.005 -0.02295
0.0628 0.0467 0.051
0.0371 0.02295 0.025
-0.0047 0.03395 0 .0
0.0519 0.02295 0.025
0.0651 0.03395 0.037
0.0400 0.03155 0.0.5 44
-0.0322 -0.03395
0.0202 0.02295
0.0357 0.03395
0.0002 0.02295 0 .0
0.0455 0.03395 0.0408
-0.0054 -0.02295
0.0485 0.0467 0.0561
0.0288 0,02295 0.0276
0.008 0.03395 0 .0
0.0279 0.02295 0.0276
0.0472 0.03395 0.0408
0.033 0.03155 0.0379
-0.0252 -0.0339
0.0205 0.02295
0.0333 0.03395
0.0029 0.02295 0 .0
0.0425 0.03395 0.0455
-0.0054 -0.02295
0.0476 0.0467 0.0624
0.022 0.02295 0.03075
0.0014 0.03395 0 .0
0.0177 0.02295 0.03075
0.0279 0.03395 0.0455
0.0324 0.03155 0.0421
-0.0247 -0.0339
0.0201 0.02295
O.O327 0.03395
I /
! •: '■
Poisson’s ratio
I
jCASE
= 0.2
NODE 
I J
TABLE 6.1.3 (Contd)
COORDINATES 
X/L1 Y/L.
MOMENT F.E.
VALUES
C.P.114 VALUES
PER TABLE MODIFIED BY 
22 CL.329
L.S.2 1 5 -0.3 0.5
Opening
■Size = OAl*^ x 0.41^ 1 10 0.0 0.5
| 5 1 -0.5 0.3
: 5 5 -0.3 0.3
10- 1 -0.5 o.o
X 15 15 0.5 -0.5
M
M*
My
m*
Mx
My
M*
My
M*
My
M*
y
0.0000 0.02295 0 .0
0.0419 0.03395 0.0505
-0.0052 -0.02295
0.0457 0.0467 0.07045
0.0224 0.02295 0.0342
0.0000 0.03395 o.o
0.0075 0.02295 0.0342
0.0084 0.03395 0.0505
0.0315 0.03155 0.0476
-0.0231 -0.0339
0.0201 0.02295
O .0326 0.03395
3 <?£-#/
lienerai. conclusions
6.2.1 Conclusions Conceiving Group A Problems
The following conclusions can be drawn from the observations and
comparisons of results in tables 6.1 .2 and 6.1.3 well as from figures
6.1.1 to 6.1.12.
1, Good agreement has generally been obtained between the theoretical 
and the experimental values
2. The agreement is generally better within the middle strip
3* Stresses at the re-entrant corner are higher than the average values
of the middle strip only when the opening is small (about 0.1L)
4. In the case of a larger opening, the stresses at the re-entrant 
corner are below the average values of the middle strip. This 
indicates that the stress concentration is extremely localised in 
character
5* Values of positive moments in the middle and column strips of a 
panel not containing any opening are slightly underestimated by 
table 22 of C.P.114
6. For the panel containing an opening, C.P.114 values as: modified by
clause 329 for the positive moments are conservative when the opening 
is larger than 0.1L x 0.1L in a square panel and larger than 
0.2L^ x O.PL^ in a rectangular panel
7* The negative bending moments in the middle strips are overestimated 
by C.P.114 in all cases
8. The negative moments around the perimeter of a column do not change 
appreciably with the increase in the size of the opening
9® At the corners of a column, values of moments obtained from the
Finite Element analyses are very high. Experimental values at
these points also indicate.a similar state of affairs although 
the peak values are somewhat lower than the Finite Element values
10. At the corners of a column the actual stress distribution is much 
more complex. Realistic assessment of stresses can only be made 
with a three dimensional elasto-plastic theory which is beyond the 
scope of this work
11. C.P.114 values for the negative moments in the column strips seem
to agree with the experimental peak values. However, the moments 
drop off rapidly away from the column and therefore the total 
negative moment as given by C.P.114 is conservative if stress 
concentrations are disregarded at the corners
12© Finally, it can be said that the stresses at a re-entrant corner 
situated anywhere in the slab is often regarded as a serious 
weakness in the structure and consequently the concrete slab is 
usually heavily reinforced to safeguard against supposedly high 
stresses. Although this is true in some cases as will be seen in 
Group B problems, the findings of this work dispell any undue fear 
of high stresses for a large opening centrally situated in a panel. 
In this context it may be argued that the limitation imposed on the 
\ size of the opening to 0.4L by the clause 329 of C.P.114 is somewhat 
severe
6.2.2 Conclusions Concerning Group B Problems
1© In contrast with Group A problems, stresses at a re-entrant corner 
are much higher than the average surrounding values. This is to 
be expected since cut-outs in all cases have reduced the effective 
width of column strips•
The boundary conditions assumed at the re-entrant corners seem 
justified by the fact that the sharp variation of stresses within 
the adjoining elements have actually been obtained from the 
analyses. Although the values from the experimental analyses 
are lower than the theoretical values, the distributions obtained 
from both the analyses indicate that severe stress concentration 
exist at these points
The analyses have shown the effect produced by the re-entrant 
corners on the bending stresses. They have also shown that the 
distribution of moments is too complex to be ascertained by any 
form of strip method •
Simplifying assumptions of point support conditions in theoretical 
analyses have yielded a higher bound for stresses, whereas the 
models having finite support areas can be considered to have 
produced a realistic stress distribution* However, during the 
lifting operation the boundary condition at a support is somewhere 
•in between a point-support and a finite support. Therefore 011 this 
basis it can be considered that the experimental values have given 
a lower bound of stresses
The differences between the experimental and theoretical values 
along some grids are found to be too great to have been caused by 
the differing boundary conditions as explained above. It has been 
observed that unacceptable discrepancies have occurred in the 
regions where change in the moment values from one section to the 
next is considerable. Apart from the expected basic differences 
the likely cause which is instrumental in increasing the margin perhap 
lies in misjudging the centrelines of fringes of Moi-re^  photographs
6 . Finally, it can be concluded after observing the results of 
various cases that such problems warrant complete analysis by 
a sophisticated method such as the Finite Element method and 
that proper reckoning of boundary conditions at the re-entrant . 
corners is essential to the accuracy of the solution
6.2.3 Suggestions for Further Extension
In the present investigation the size of the centrally situated opening 
has been restricted to 0.4 times the span, but as the solutions have 
indicated there seems to be a scope in accommodating an even bigger 
opening in the panel. The effect of line-load along the free edges of 
the opening not considered in the present work need to be investigated.
The peripheral panels in Group B problems may be investigated when the 
cut-outs are loaded by and in turn supported by ramps.
Improvements in the Finite Element analysis can be effected' by using better 
element stiffness matrices of recent origin, for example, the conforming 
quadrilateral element by Veubeke (20). It would also be of value to 
investigate such problems by means of Finite Element method but using 
elemental stiffness matrices derived from stress functions and incorporating 
a method which will allow the values of the bending moments to be limited to 
plastic limits at the points of stress concentrations.
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I APPENDIX I
^Generalised Approach to Basic Iterative Methods
It has been explained in Section 2.6 .2 how the basic iterative methods may 
be obtained for appropriate values of the scalars <C and from a generalized 
scheme. For convenience, Table 2.6.1 is reproduced here:
TABLE A
fi b W Scheme Method
1
1.
W1
0 0 1 Xk4*1' =[(l~D"1A)]xk + D“1b Jacobi
0 0 W1 - xk+1 = £(I-w^D~^A)J xk + w^D”^b Acc. Jacobi
1
1
W
s
1 1 1 wk+1' = J~(I-L)”’1D“'1Ajxk + (l-L)“1D“1b Gauss-Seidel
1 ws ws xk+  ^“ ["i-w (I-w L)“1D”1A~1 xk + v/ (1-w L x S J S £L)"V1b
successive over 
relaxation (SOR)
It is known that the largest eigenvalue X of the iteration matrixmax
(within square brackets in Table A above) must be made less than unit5'>. It 
is now shown how the scalars oC and /3 may be chosen such that for a particular 
iteration scheme the largest eigenvalue X is minimised.max
Convergence Rate of Iteration
The rate of convergence depends on the rate at which J£,m -*>• 0. Therefore for
a rapid convergence IXI should be made as small as possible. The value of
IXI is dependent on scalars ©6 and /3 • Therefore some basis must be persued 
to relate oC and [h with IX I •
Let lj/ be an eigenvalue of Jo of order n, then the characteristic polynomial
4 > W  is ■
4>(iv) = det [( - 1) I + W (I - ^L)"1D"‘1AJ
fdetf denoting the determinant .
Since det (I ~ ^L) is 1, cj?( ij>) may be written
<$>($)= det (I - c)lJ. det f( q> - 1) I + W (I - b L)-1D-1a]
or det ^ + w ~ 1) I - + w - b )L-wtTj .............1
Applying Komanovsky1s theorem (15)
4  ( * ) = < y + w  - 1)“ fl ( ( 4/ + W  - i f  - (
i-1 L ^
or
where the matrix L + U is weakly cyclic of index p, ytu are the non-zero 
eigenvalues of (L + U), and n = m+r.
If A is a consistently ordered matrix of 2-cyclic index, L - U is a weakly 
cyclic of index 2. Thus equating 2 to zero:
( + W  - 1)2 = ( tyb + W - b) WyU2
■t-.W.Z. l = t u = . ( yp + ,■
for any eigenvalue jj. .
Defining functions
f1 (4') = -iPtJi-r-J. ....... 3
and (^) = -( yfi> + 1 r /S)^  •.... A k
it can be seen that f^  plotted against ^  is a straight line passing through
the point (1,1), and f^ plotted likewise is a parabola passing through the
points (1 ±/j), and . »>• When the function f^  is a tangent to the
function the minimum value of ^  is obtained.
Let yQ be the point of tangency, then solving functions f^  and f ' and making 
the roots equal
y  -  J U j / l  5
and w  =
/u?fi
The expressions 3 when combined give
yQ = 1 ~-y/l ~/A2 0 ..0 ... 6
Substituting for y in of eq. 4
4/ =  1 -  w / l  - y [ i2 . . . . . . .  7
Noting that zero is also an eigenvalue of L + U, the intercept ip n as 
/shown in Figure A d d  of ^  on Ip- axis is
ip ~ 1 w ««•«««« 8
For a true minimum, the condition is then
^min
which gives
w =
max
or w =
1 + / 1  - jl3
2(1 - - A - /? )v r max •
/*mimax
• • 8
Comparing eq« 5 and eq* 8 it is seen that ^  must be set equal to 1 to obtain
a minimum value of ip •
The figure Aid shows the functions f^  and f^ plotted against ip •
The table belov; gives the value of ip rnin for the basic iterative methods:
TABLE B
/$ Wopt ip min Method
0 1 /^max Jacobi
1
1
1
2 max Acc. Jacobi 
Gauss Seidel
W1 “ 2~yU/ max
1
2
2-/X/max
j£ max ^
1 + /1 - //2 */ f*- max ^ ^raax I
SOR
A surface for Ip for various values of aC and fh is shown in
Figure Ad®2 and it can be seen that SOR with optimum v/ is the 
lowest point of the surface
' m a x
Successive Over-Relaxation
2
Jacobi Accelerated Jacobi
(b) (c)
— 0,0.
Gauss Seidel
Fig. A.I. 1. Functions f, and f2 plotted against
•o
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o
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APPENDIX II 
Orthogonal Polynomials in Leastsquare Fit 
Using orthogonal polynomials* y is  expressed as:
n
c .0 .(x)
.i=o 33
where 0 is an orthogonal polynomial in x of degree j and c . are the
t u
co-efficients of -this-polynomial.
If bfs are the co-efficients of the polynomial itself, then
Y = C00 b00 * C1(b01 * b11x  ^= C2(Vl * b12X * b22X  ^+
►+ c (brt„ + b „ x  +••••• .+ b x11)  .2n 01 1n nn
Orthogonal polynomials have the following important property: 
n
Y 1  * V xi^ ' * V xi^  = °* if p ^ q ........3
i=1
For this work, it is convenient to use the orthogonal polynomials 
which have also the relationship; 
n
\ 0 (x.). 0 (x.) = 1, if p = q
P 1 . q i  V. H
i=1
or, £ (0/ (x.) )^  = 1
Z_ P i
i=1
Now S„ the sum of the squares of the residuals is:- 
k n
s = £  [yi - £  ]2 • • • • • • .5
i=1 w 3=0
Since the coefficients of the polynomials 0. will-be set by the condition
3
of orthonormality, the only variables on which S will depend are the
the coefficients c .« Hence for S to be a minimum
3
3 S  , 3 s
aS = —  * dc~. + •c"™’ »9cq 0
3s 3s 3s
Therefore;
0 1 £
ClC T  e c e o g
n
3s
>c• = S T  = 0n
or.
3s
dc. ~ 0, for 1 — 0 ,1,2,3 ••••••• n
dc = 0  n
Substituting for S from (5)
k
3s
3c. = sE [yi- X y°3-^(xi) 0i (xi}
• 3=0i=1
n
2E  h - 0^  - 0i(xP  E  °j-^(xi)
j=0i=1
3sThe condition r^g~ = 0 , gives
k
E
i=1
k£
i=1
n= Y 2  W  E  V ' W
3=0
n__ •
Since 0^(x/) .^(x^) = 0 from 3
• i=1
n
and . =  ^ from
i=1
k
one has E  
i=1
or changing subscripts
E  yi^3(jci) = °3
i=1
= c
»*»«•«*7
Expanding ( 5 )  
k
s - L  V - 2 E  K  E -  W
- 3=0
• • o +
i=1 i=1
k_ n -»2
L  t  v W '
i=1 - 3=0
k n 2
Nov; \ . I V~" c .*0 A x.)E  [ E
i=1 L .i=0
' ' I" 1 m ^= [  I  v W  E  -er W
i=1 j=0 1=0'
n
E
j=0
and
k
i=1
Therefore Sm m
r* n[ r
3=0
k
■ E
i=1
k
■ E
i=1
) = 2
n
E
0=0
n ~ n
E  °3 + E
3 = 0
n ^
E  cd
3 = 0
3 = 0
c .
0
Implementation of the Constraints on a Stiffness Matrix 
Constraints can be divided into four types as follows:-.
(a) rigid
(b) partially rigid
(c) elastic
(d) kinematic
A rigid constraint at a point in the structure is ascertained from the 
geometrical state of the deformed structure, that is to say the value 
of the constrained degree of freedom is known to be zero* A typical 
procedure for imposing such a condition on the stiffness matrix of the 
structure is to nullify all but the diagonal element of the column and 
the row corresponding to the degree of freedom in question and 
simultaneously to nullify the element at the appropriate position of the 
load vector.
For a partially rigid constraint the value of the constrained degree of 
freedom is known beforehand. Implementation is similar to that described 
above except that the appropriate element of the load vector is so altered 
as to yield the prescribed value from the reduced equation.
Elastic constraints are the result of support conditions i«e» reactions depend 
on the deformation of the support point. If d is the deformation vector 
of the support point and k is the stiffness of the supporting member, then 
the load vector is equal to k times d. Implementation is effected by 
adding the matrix k to the corresponding diagonal sub-matrix*
yKinematic constraints are constraining relationships between the 
deformations. These relationships may occur in a number of ways. In 
the present work, use of kinematic constraint has been made at the re- 
entrant corner of the openings and cut-outs in the slab. This type of 
constrainis frequently occur in structural analysis and therefore merit 
a detailed discussion. The following sub-section is devoted to origin 
and implementation of such constraints.
Kinematic Constraints
To illustrate the origin of such a constraint a square structure with its 
four axes of symmetry, namely A-A, B-B, C-C and D-D, is shown in Figure 
1(a). Talcing a loading condition which deforms the structure in such a 
way that these four axes of symmetry are preserved, it is then sufficient 
to analyse only an eighthof the structure as shaded in the Figure 1(a). 
This area is drawn separately in Figure 1(b). Assuming that the stiffness 
matrix of the region has been formed with reference to x and y axes as 
drawn, the edge 1-2 of the region being parallel to the axis of symmetry 
A-A the slopes Qy along 1-2 are zero. Similarly along the edge 2-3 the 
slopes ©n are zero. The problem is now to impose the conditions that ‘
LY
* D
A
B
-fc-X
slopes ©n are zero, but the load displacement relationship among other 
degrees of freedom contains Qx and 0y terms and not ©n terms. Therefore 
it is necessary that the values of ©n be expressed in terms of Ox and ©y« 
This is done by means of a linear transformation of the type
CosoC - SinoC \n
© , -Sin©£ CosoC
x
© . ( a )
Therefore for any point on the edge 2-3 the constraining relationship is 
©n = 0xCosfc£- GySinoC = 0 
Providing Coshad a non-zero value one gets:-
©x = @y-tanc£ ....... (b)
A second type of constraining relationship may exist at a joint in a truss 
where, for example, the boom is continuous but members such as verticals and 
diagonals are pin-connected to it. Such a joint is shown in Figure 2.
Fig.  2
At joint 2 , the compatibility of displacement exists but the compatibility 
of rotation exists only between members 2-1 and 2-3* Referring to Figure 3 
in the member 2-k the degrees of freedom at the joints 2 .and k responsible 
for producing a moment at joint 2 are: -
( ez2 * y2 * 9zk and y*f)
The exact relationship from the theory of bending of beams is
31 (% 6 ..2 - 6  )M =2 L l**z\
©Zr
Mg = 0 yields the constraining relationship:' 
' -0z2■= ^  (6y2 + 2Qz^  - 6y^ )
or ©z0 = (0 -1 .3 -0.3 --1.5 ) 0zo \
©z.
(c)
Z
Fig.3. Member 2-L Of Figure 2
I In the analysis of a continuum by the finite element method similar
/
constraining relationship arises when a node is not common to all the 
elements adjoining it.
IV,
2
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Fig- 4. Abrupt Change Of Mesh Size
A typical example is that of a coarse rectangular mesh abruptly changing 
into a finer rectangular mesh. Assuming that the four corners of a 
rectangular element have been chosen as nodes, an abrupt reduction in the 
size of the element produces nodes which only belong to the smaller elements. 
The Figure exhibits such a case where node A, for instance, belongs to 
elements B and C. The extra degrees of freedom at this node result in a 
discontinuity along the line 2-7 between the elements A, B and C. To 
restore continuity, node A needs to be constrained. The constraining 
relationship may be derived by equating the values of the deformations at 
node k to those obtained for the same point on the element A.
In the case of a re-entrant corner in a slab, one may deliberately impose 
discontinuity of rotations so as to obtain multiple values of stresses at 
a point. In the treatment of re-entrant corner in section 2 .5 the 
constraining relationships have been explicitly formulated.
Mathematical•Formulation of Kinematic Constraints
Let the load-displacement relationship of a structure be given by
Kd — w ♦©©«•«©( a)
and let it be required to enforce upon the system (a) a relation between 
some specified components of displacement.
dj = Gdi + .g ■'•••••©.* (b)
where di and dj are subvectors of dt G is a given matrix, and g is a 
given vector© Let it be assumed for the present that d* represents the 
solution vector,•then a particular matrix E exists such that 
df = Ed •
or d = (E“^)d* •.©•©*© (c)
Matrix Eis the non-singular matrix 'shown below
d* =
* ’ ' i 0 0 0 ! £
d!l 0 I 0 d.i
* 0 0 I 0 #
.dt
o
0 -G 0 X
.
d.
a
= Ed (d)
From the above equations (d) it can be seen that
d» = -Gd. + d. 
3 1 J
but from equation (b)
g = -Gd. + d . b 1 o
Therefore one has
d« = 
0
(e)
Now if equations (a) are modified by the equations (c), one has then to impose 
partially rigid constraints of expression (e) to achieve the correct solution.
Substituting for d from equations (c) into equations (a) one has
/One could solve equations (f) by imposing constraints, given by equations
■ -1(e), but the matrix KE being unsymmetric it is advantageous to revive
symmetry by pre-multiplying both sides of equation (f) by the transpose
n 1 rn
of E , i.e. (E~ ) .
Thus
( E ^ V k  E“ 1 d' = ..(g)
Denoting (lT^)^KE“  ^by K* and (E~^ )*^ w by w*, equations (g) can be 
re-written as * '
Kfdf ss w*  (h)
The matrix K* is obviously symmetric and again one has to impose the partially 
rigid constraints of equations (e) to obtain the correct solution.
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